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I ntegration

jax” dx=a Jx" dx = % + C (n# —1), where a is a constant.

J (f(x) + g(x)) dx = J(x) dx + Jg(x) dx

The notation for the area between the graph of y = f(x) yﬂu y = f(x)
b
and the x-axis fromx = atox = b is J f(x) dx.

a

This is called a definite integral. S :if(x)dx

a and b are the lower and upper limits of integration,

respectively. e 2 b .
P} The Fundamental Theorem of Calculus.
If F(x) is the anti-derivative of f(x) then
b X
J f(x) dx = F(b) — F(a) (a <x<b) 4
’ jf (x)dx>0

B When calculated by integration:
e areas above the x-axis are positive
e areas below the x-axis are negative.

E3 When calculating the area between a curve and the x-axis: J
e make a sketch
e calculate areas above and below the x-axis separately
e ignore negative signs and add.

The area enclosed between the curves y = f(x)
and y = g(x) fromx = a to x = b is given by

b b b
J f(x) dx — f glx) dx = j (f(x) — g(x)) dx

1 a a

when f(x) = g(x) and a < x < b. jlif(x) — g(x))dx



Example 1

Integrate J Vx — % dx
¥

Solution

VE -2

——y

fx% — 2x 3 dx

Example 3
2

Evaluate J Bx — D(x +5)dx
1

Solution

2
JGX— D(x + 5)dx
I

2
=J3x2+14x—5dx
1

=[x + 7x* — 5x)
B+28=~10)=(1+7—35)
23

Example 4
Calculate the shaded area in the diagram.

Solution
Area above x-axis:

1
Jx2—4x+3dx
-1

X 50 ]'l

[3 2x +3x7

. _ (=1 _5_

=(3 2+3) (52 3)
— 2

—63

Total area = 6% + l% = 8 units?

Example 2

Integrate J

j4x—x%
2Vx

3
4x — x°

2Vx

dx

dx

J4x_x_%
2¢ 2%

1
2x: —

Area below x-axis:

3
fx2—4x+3dx
1

3

x3_ )
—-[?; 22 + 3x]

=@—18+%—(

1

—2+ﬂ

W=

1
13

Note: Ignore negative sign for area below
the x-axis.



Example 5
Find the area enclosed by y = x> — x — 2 and the x-axis.

Solution
The graph cuts the x-axis whenx* —x —2 =0

x+DhHx—2)=0
so x=—1 or x=2

2
Area:J x*—x—2dx

—[F_x_ ]2
[3 > H]
=(8_o_ )_(_l_l )
(B-2-4 L-1+2
~ —4L
42
So the area is 4% units?
Example 6
Find the area enclosed by the graphs of y = x + 1 and
y=35— 2 — 5~
Solution
The graphs intersect where x + 1 =5 — 2x — x?
x+3x—4=0
x+4Hx—-1)=0
so x=—4 or x=1

1
Area:J B —-2x—=x~E+ 1)dx
4

i
J4—3x—x?dx y=5—-2x—x2
—4

- _3_962_)6_3]1
[4x 2 3]-4

3)

3

(g3 1)\ _(_qe_
_(4 : 3) (16 24 +

= 20% units?



Example 7

l)
Determine p given that J vx de = 42,
|

Solution

P
j&m=m
1

p!
szdx=42
1

Example 8

. o d
The gradient of a tangent to a curve is given by ay — 1

If the curve passes through the point (4, 3) find its
equation.

Solution
1 X2

y‘fﬁ“x‘J?d"

=x+C

=Vx+C

Substituting (4, 3) iny = Vx + C
3=V4+C
c=1

‘The equation of the curve is y = vx + 1

'y
=1
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