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23/8/17

Unit 1: Differential Calculus - Lesson 9

Parametric Differentiation

LI

e Differentiate functions parametrically.

e

e Formulae.
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Acurve y = f(x) is defined parametrically if x and y are
written in ferms of an independent variable called the parameter
(usually denoted by t or B6). It often helps to think of the
parameter as representing time.

The functions x (t) and y () are viewed as 2 functions of t
and are called parametric functions or the parametric equations
of the curve.

If the parameter can be eliminated, then an implicit equation
(called the constraint equation) can be formed; this only
contains x and .

As an example, consider the parametric equations,
x(t) = 3cost, y(t) = 3sint

Squaring, adding and simplifying gives (suppressing the
dependence on the parameter t),

This constraint equation describes a circle with centre the
origin and radius 3. So, the parametric equations above for
x (1) and y (t) describe this circle.

Each value of t gives a coordinate (x, y). So, varying t traces
out a circle. Or, think of an object moving along the circle as t
varies. Startingat + = O,weareat (3,0);at + = ©/2, we
areat (0,3);at + = m,weareat (- 3,0);at + = 3n/2, we
are at (0, - 3). At + = 2m, we are back at (3, 0).
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Parametric differentiation is a technique for finding derivatives
of a parametrically defined curve.

First Derivative of Parametric Functions

Given a parametrically defined curve y = f (x) with
parameter t, the first parametric derivative is :

dy
dy dt
dx  dx
dat

This looks awkward in the above Leibniz notation, so the Newton
Dot Notation is often used :

dy Y

dx X
. . . . dy
y means differentiate y wrt to t,i.e. rrak
. . . : dx
X means differentiate x wrt to t,i.e. rra
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Second Derivative of Parametric Functions

Given a parametrically defined curve y = f (x) with
parameter t, the second parametric derivative is :

dx dy _ dy dx
dy _ _dt gt dtdf’
dx’ axy?

dt

Again, Dot Notation is extremely advantageous :

dFy Xy - yX
dx’ x>
. d’
y means differentiate y twice wrt to 1, i.e. dZ :
.l.
. . . . . d’x
X means differentiate x twice wrt to t,i.e. e
.l.
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Example 1
Show that the point A (O, 3) lies on the curve
defined parametrically by the equations,

_ .1 _ 1
X =t T,y—2’r+f

To show that the point A (O, 3) lies on the curve, it
must be shown that there is a common t - value that

satisfies both equations.

We thus solve the equations x (t) = O and

y(t) = 3 for t.
x(t) = 0:
1
t - —=0
> t°-1=0
= t = =+1
y(t) =3
1 _
21’+T—3
= 2+ + 1 =131

= 2t -3t+1=0
> t-D@E -1 =0
N t = 1/2.1

As there is a common t - value (t = 1) satisfying
x(t) = 0and y(t) = 3,A (0, 3) lies on the curve.
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Example 2
Find the gradient of the tangent line to the curve,

X =26 -5sn6 , y=46 + cosO

at 6 = m/6.

X =26 -sinB , y=46 + cosB

X =2-cs0 ,y=4-sin6
dy _
dx X
dy _ 4 - sin6
dx 2 - cos©
When 6 = 7/6,

x (m/6) = 2 - cos(m/6) = 2 - /3/2
y (n/6) = 4 - sin(n/6) = 4 - 1/2 = 7/2

dy __7/2
dx J. =~ 2 - 4/3/2

Hence,
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Example 3

Show that there is only one stationary point on the
curve,

x =5+ 41 ,y=3-3t°

and find its coordinates. Show also that the second
derivative is constant.

x=5+4t ,y=3-3t"
x = 4 ,y =-6t

X =0 , Yy = -6

dx
3t
2

= t =20

As there is only 1 solution to

dy :
—— = 0, thereisonly 1 SP.
Ix ere is only

x(#) =5 + 41 = x(0) = 5

y(t) =3-31t"=y(0) =3

Stationary point coordinates : (5, 3)
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dy Xy -yX
dx’ x>
dy _ #(6) - (0)(-6)
dx’ 43
dy 3
= o =~ = constant
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AH Maths - MiA (2" Edn.)

e pg. 96-7 Ex. 6.8 Qla-d, 2aq,
3a,b,4aq,8.
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Ex. 6.8
2
1 Find T and ) for the curve defined by each pair of parametric equations.
x=t x=4t x=t+sint x=3"—#
a b c d
_ 1 y=In¢t y=t—cost y =48
VA
2 A curve is defined by the equations x = # + %and_y =t — %
a Find the coordinates of the turning point on the curve.
3 a Findd—}? and L for the curve defined by x =2 — Sandy = £2 + &
‘ de e 0T 4 S 7

b Determine the coordinates of the turning point on the curve.

. SN G o g
4 For the curve defined by x = 27 1_rzshov‘. that
dy «x
Tdx Y

8 x=1+sin’fandy=1— sec? f are the parametric representations of a curve.

Show that, at the point where tan § = 2, the equation of the tangent is 25x + y = 41.
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Answers to AH Maths (MiA), pg. 96-7, Ex. 6.8
1 2 1
L 2 b 227 2
1 +sing (cosé-Fengd-1)
¢ T+cost’ (1 + cost)?
d 8& —-8-722
07 — 1" (92 — 1)}
2 a (—1,3)
#-1 4 _
SA AP E Iy b (02
go S_2422 b4 b«
Toode (1= dt (1-2)ydx 1+F£ y
dy 1 1. 2
8 a——Cos49.\‘(«'hentanﬂ—2,(:058—@,51119—@
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