007 - Maclaurin Series from First Principles.notebook November 16, 2017

16 /11/17

Unit 2 : Sequences and Series - Lesson 7

Maclaurin Series from First Principles

LI

e Know what a Maclaurin series is.

e Find Maclaurin series from scratch.
sC

e Differentiation.
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The Maclaurin series (aka Maclaurin expansion) of a function
f is away of writing f as a power series of the form :

f () ><2 + ...
2!

— (r)
f(x) = Z % x" = £(0) + f(O)x +

where f is infinitely differentiable at O

Some Standard Maclaurin Series

x° x> x"
e =1+ x4+ Z— + Z— + =
2| 3! 4

(valid for all x € R)

+ ...

x> x> x
sinX = X - — + — - — + ...

31 51 7!
(valid for all x € R)

2 4 6
1 - X X X
cosx = 1 > + 4] o] + ...
(valid for all x € R)
2 3 4
In(1 + x) = x - X2 + X X 4
N+ x) = x -5 3 4
(valid for -1 < x < 1)
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Example 1

Find the first three non-zero terms of the Maclaurin
expansion for f (x) = sinx.

f(x) = sinx = f(0) =sin0 =0
f'(x) = cos x = f'(0) = cos0 =1
f''(x) = -sinx = f''(0) = -sin0 = 0
fOx) = -cosx = fP0) = -cos0 = -1
f¥(x) = sinx = f®0) = sin0 = 0

fO(x) = cos x = f@0) = cos0 = 1

Fo = 3 20

- rl
o 3)
sinx = f(0) + f'(0)x + fz(?) X% + %f
fP0) 4, £20) s
+ 4—!X +TX + .
= sinx:0+1.x+2x2+ﬂx3
2 6
0 4, 1 s
+24x +120x + ...
e oy - L3 1 5
= sinx = X c X + 120x
Oct 2-23:10
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Example 2

Find the Maclaurin series for f(x) = (1 + x)"?

up to the termin x°.

fx) =@+ x)" > f(0) =

f'(x) = 1/2)(1 + x)”* > f(0) = 1/2

f'ox) = -4 + x> f'0) = -1/4
fFPx) = (3/8)(1 + x)** > £90) = 3/8
f9%) = -(18/16)1 + x)7? = £9(0) = -15/16

FO(x) = (105/32)(1 + x)"* = f©(0) = 105/32

(r
F(x) - z 20,

1+ x)" =) + fO)x + f"z(?> NI f:’(IO)
20 ¢, £20)
+ Y + 5 +

S+ o1 4 /2y x + SV e (3/8) s

2 6
(- 15/16) .+ (105/32)
T2z X T 7120 X
= (1+x)1/2:1+%x—%x2+%x3
_ 5 4 _T 5
128 X -+ 256 X + ...
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Questions

Find these Maclaurin expansions :

1) f(x) = e, upto x°.

2) f(x) = (1 + x)° ', upto x°.

3) f(x) = (1 - x)"%, upto x*.

4) f (x) = cos x, first four non-zero terms.
5) f(x) = In(1 - x), upto x°.

6) f (x) = sec x, first three non-zero terms.
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Answers
l)ex=1+x+x72+x73+;—;+ 1’;; + .
2) 1 +x) " =1-x+x"-x"+x"- x>+ x°-
4)cosx:1—xTz+;—44— 7’;; + .
5)ln(1—x)=—x—x72—xT3—xT4—x?5
6) secx =1 + XZZ + 5224 + .
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