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e Product and Chain Rules.

28/6/17

Unit 1: Differential Calculus - Lesson 7

Implicit Differentiation

e Recognise Implicit Functions.
e Work out 15" and 2" derivatives of Implicit Functions.

Jan 10-12:11



007 - Implicit Differentiation.notebook June 24, 2017

A function 7 is given explicitly (7 is an explicit function) if the output
value y is given in ferms of the input value.

An explicit function is recognised when y is given as a function of x.

Examples of Explicit Functions

y = sinx

3

Y = X

A function 7 is given implicitly (# is an implicit function) if the output
value y is not given in terms of the input value.

An implicit function is usually identified when the variables x and y are
mixed up in a higgledy-piggledy manner.

An implicitly defined function may or may not be solved for y.

Examples of Implicit Functions

y - sinx =0
x2-|-y2:36

ysiny + x = 4cos x
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Useful Reminders/Things in Implicit Differentiation

y is a function of x: y (x).

X
d o :
vl Al 2yy ' (using the Chain Rule).
d 3 2 :
vl A 3y “y ' (using the Chain Rule).
4

(xy) is differentiated using the Product Rule.

e The answer for y ' will normally be a fraction
involving both x and .
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Example 1
Find the gradient of the tangent at any point on the
curve definedby x* - 3xy + y? = 13,

x* - 3xy +y?3

13

4x° -3(01.y + x.y')+3y°y'=0

= 4x% -3y -3xy' +3y°y'=0
= 4x° -3y + y'By®-3x)=0
= y' By?-3x) =3y - 4x°
, 3y - 4x°
= y' = >
3y° - 3x
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Example 2

Find the equation of the tangent to the curve defined
by xy + y? = 6 aty = 1.

Xy +y2 = 6

l.y + xy')+ 2yy =0

= y + xy + 2yy =20

= y +yKx+2y)=0

= y (x +2y) = -y
~ y.:_x—ky2y

To find the gradient, we need an (x,y) coordinate.
y = 1 inthe equation xy + y? = 6 gives

x = b,
| _ 1
AR 5 + 2
= Y.(5,1) = -1/7 = m
y -1=-1/7(x - 5)
= 7y -7 = -x+5
= x+7y-12 =20
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When finding the 2" derivative of an implicit function,
it is better not to use the answer for the 1°'
derivative and then to differentiate that
(because this involves the quotient rule)

Instead, it is better to use a line of working in obtaining the 1°'
derivative that has no fractional terms and differentiate that,
rearrange and then solve for the 2" derivative
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Example 3
2

: dy
Flnd d—x Cmd dx >

implicitly by x3 + 2xy = 7.

dy for the function defined

] dy LA dzy
Use the shorthand y ' for Ix and y '° for vk
x>+ 2xy =17

3x°+2(0.y + xy)=0
= 3x2+2y +2xy'=0 Kk
= 2xy' = -3x% -2y

, -(3x2 + 2y)
= y' =
2 X

simplification) :

Differentiate % wrt x to get (after some

6x + 4y’ + 2xy"'"" =0
2
6><—4(3>< +2y)=—2><y"
2 X
12x2 - 12x%2- 8
= a a Y = -2xy"’
2 X
-8y .
= = -2X
2 X Y
. 2y
= =
Y 2
Mar 1-14:16
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AH Maths - MiA (2" Edn.)

e pg. 89Ex. 64 Q1-11
e pg. 90 Ex. 65 Qlb-g,6,7.
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Ex. 6.4

d
1 Find a}’ for these implicit functions.

a x*+4xy+y>=38 b x>*=Iny

c 22+2P—Sx+4y—-9=0 dx+3=¢

e x>2—xy+3y>=10 f xtany=e¢*

g X +y§=e§ hIn(x+y =rtan'x

i Sx?—dxy+3y2=2 j sin"!x+cosTly=2x3

2 a i Givenx =siny, find % in terms of y.
ii Hence express ay in terms of x.
b Similarly deduce the derivative of
iy=cos !x ii y=tan 'x
3 Find an expression in terms of x and y for the gradient at the point (x, y) on the curve with equation

Y

2+ 2 ==,

X+ yt=7

4 Prove thatthe curvee* + & —e= ~ + 1 hasa tangent at the point (0, 1) which is parallel to the x-axis.
Find the equation of the tangent to the curve with equation xy* + 3x%*y* = 28 at the point (1, 2).

6 Show that there is no point on the curve with equation x + y = In (x — y) where the tangent is at 45° to the
X-axis.

7 For the curve with equation x In y = cos x + cos y, show that the gradient at x = 0 is not defined.

2 dy 2
8 Show thatx —ylnyéa—yg_i_le.

9 Find the equation of the tangent to the curve with equation (x + 2y)* — 4x — 3y = 5 at the point where it
crosses the y-axis.

10 Find the gradient of the tangent at the point (e, ¢?) on the curve given by x Inx + ylny = e(1 + 2e).

11 Show thaty = x — 1 is the equation of the tangent at the point (%, —%) to the curve with equation

sin"'x +cos 'y= 5%7
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Ex. 6.5

&y Y. B :
1 Find i and 2 in terms of x and y only, for each of these implicit functions.

a x*+xy=3 @b x+y =35 @®c T+y=

@d xy=y"+2 @c (x+1)(y—1)=e ®fx)P+2=y

@z n(x+y)=x—y hx*=ylny i (x+y)l=¢
j y=x(y+ sinx) k y=sin(x+y) I xsin"'y=e¢*

d

6 For the function defined implicitly by x> — xy + y? = 1 evaluate ayat (1, 1)

dZ

and = at (1, 0).

dxz

7 For the function y(x) defined implicitly by y cos x = ¢* evaluate y’ (%) andy”(%).
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Answers to AH Maths (MiA), pg. 89, Ex. 6.4

x+ 2y _
a —W b 2xy 5 10x+ 11y = 32
dy
5 — ¥ - d 1===
EFTEE ) d e” 6 Differentiation gives 1 + a’y = ﬁay =1=2=0
e g\? — f ﬁ 7 Atx = 0,cosy= —1andsiny = 0; differentiating:
) H oty —x2—1 J_cd_J’ o cin w — d_}’
g _(%) I — y dx +1Iny sinx — siny
. Sx—2y T Bl Atx=0,lny=—siny%=>%= l:g zlnTy
R - 2,41 — 42 — y
' =3y ) \il —x2 XV TD (undefined) )
e | dy
.
2 a icosy - R 1 2 1dy 22— X 2y
=y hhy=>hy="5=-7= Py
b i—gio=-—L i — - L y T yde y
y V1—22 sec’y 1 :}@= 2xy
3 2x3 +}v dx )’—1 T sz
x(1— ,
(1~ 29) dy -2 9 8x+ 21y =21
4 Differentiation gives e* + = = >—3x=0,y=1
a _2
dy _a 10 —3
T 11 The point lies on both curve and line.
The gradient at the point for line and curve is 1.
Jun 1-11:51
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g

Answers to AH Maths (MiA), pg. 90, Ex. 6.5

b —

a2 —3x(4y* + 3x7)

1 3_}’3 — 2WE

% 6 —2,18
Y 2}10} — x) 7 2&'31(1 + \"g), 46’%(4 + \'Ig]

6\Ey 360Ny ST N TR

=g+l Ay—1)+&x— 1)

Xl (x + 1)

¥ 292 - 3w)
1=297 (1-29)
x+y—1 4x+y)
xty+DPx+y+1)3
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