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Differential Calculus - Lesson 6

The Chain Rule

LI

o Differentiate a composition of functions.
sC

e The Chain Rule.
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Reminder on Composition

If f and g are functions, the composition of f with g, usually
written f (g (X)) ('f of g of x')is the function obtained by

taking the output of g (which is g (x)) and using this as
the input of f.

Generally speaking, f (g (x)) is not the same as g (f (x)).

Composition Example 1

If f(x) = x> and g(x) = x + 3, then:
fgx) = f(x + 3) = (x + 3)° and

g(f(x)) = g(x°) = x° + 3

Composition Example 2

If f(x) = sinx and g(x) = x - 7, then:
f(g(x)) = f(x - 7) = sin(x - 7) and

g(f(x)) = g(sinx) = (sinx) - 7

Composition Example 3

If f(x) = x° and g(x) = cos x, then:
f (g (x)) = f(cosx) = (cos x)® = cos’ x and

g (f (X)) = g(x°) = cos (x°)
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The Chain Rule

The Chain Rule tells us how to differentiate
a composition of functions

Lagrange Form

If y = f (g (x)), then,

y =f' (g(x) x g'(x)

(y dashed equals f dashed of g (x) multiplied by g dashed of x)

Leibniz Form

If y = f (g (x)), thenletting u = g (x), we have that

y = f(u) and u = g (x) (i.e.,y isa functionof u
and u is a function of x); then,

dy _ dy o du
dx  du dx
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Example 1

Differentiate

January 2019

y = 3x + 4)°.

(3x + 4)°
5(3x + 4)°°!. %(3" L 4)

5(3x + 4)* .3

15(3x + 4)*
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Example 2

Differentiate y = (7 - 2 x)°.

y=(7—2x)6

<
I

=67 - 20 L7 - 2x)

>  y'=67-2x).(-2)

> |y'=-12(7 - 2x)°
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Example 3
Differentiate y = 1 5
8x + 1)
y = 1
B8x + 1)°

y = 8x + 1)°°

v -3-1 d

y =-38x + 1) C dx (8x + 1)
> y' =-3B8Bx+1".8
> | y'=-2408x + 1)*

y' o= - 24
B8x + 1)°
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Example 4
Differentiate y = L ,
14 (6 x - H)
y = 1
14 (6 x - 5)*

_ 1 _ By-4

.4 _ogy4t d _
y' = - 6x -5 L ex -5
= n__i _ -5
y = 14 (6x - B) " .6
= Vo 12 _ -5
Y o 7(6x 5)

W 12
7(6x - 5)°
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Example 5

Differentiate y = (x° - 6 x + 2)°.

y = (x° - 6x + 2)°

y' =9k’ - 6x + 2)°. dd—x(x3 - 6x + 2)

= y'=9(x°-6x+ 2°. (3x*- 6)

= y'=9(3x2—6)(x3—6x+2)8

(y' = 27(x? - 2)(x° - 6x + 2)8)
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Example 6

Differentiate y = \4/(17 - 2x)°.

y = /(7 - 2%)°

17 - 2x)**

January 2019

3 ~ 34-1 d ~
2 (17 - 2 x) C dx (17 - 2 x)

3 -1/4
7(17—2X) (—2)

Y

y'

= y'
= y'

— % (17 - 2x)™"*

3

3

2 (17 - 2x)"* )

217 - 2 x

)
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Example 7

Differentiate y = 4 cos (2 x).

y = 4 cos (2 x)
y' = 4(-sin2x) . - (2%)

= y = -4sin(2x) .2

= y' = -8sin(2x)

10
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Example 8

Differentiate y

January 2019

sin(3x + 2).

sin(3x + 2)

cos(3x + 2) . (3x + 2)

d
dx
3

cos(3x + 2) .

3cos(3x + 2)

11
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Example 9

Differentiate y = sin® x.

. 5
y = sin’ x

y = (sin x)°

y' = 5(sinx)5'1 :

= y' = 5 (sin x)* .

d
dx

Cos X

. 4
= y = bsin xcos X

(sin x)

January 2019

12
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Example 10
: : 1
Differentiate y = o5 X
_ 1
Y CoS X

y = (cos x) !

v -1-1 d
y = -(cos x) © dx (cos x)
= y' = — (cos x) " ° . (- sin x)
= y' = (cos x) ° sin x

. sinx
Y = 2
Ccos X

13
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Example 11

Differentiate y

sin (cos x).

sin (cos x)

cos (cos x) . - (cos x)
T odx

cos (cos x) . (- sin x)

— sin x cos (cos x)

January 2019

14
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CfE Higher Maths

e pg.232-234 Ex. 96
Q1-4,5iq,6

e pg.235-237 Ex. 9H
Ql1-5,6ad,13d

January 2019

15



M. Patel January 2019
Questions

1 Differentiate with respect to x
a (x+4)° b (x-2)° c (x+3) (x=1)
e 5x+1)?* f 8x-3)° g lx+5)° %(x -5)
i (+2)" i (-57" k (x+6)7 (x—3)™*
m 4(c—2)7 n 9x—7)? o 3(x+1° 2(x— 4"
q 6+x-1) ro3—(x+4y s 2(x+2)°-4x°
t 6vx+5(x-1" u 3x+4ay -2 v %+8(x—4)_2

X X

2 Differentiate with respect to x
a (3x+1)° b (5x-2)* c 2x-7) (4x + 1)’
e 2(3x—4) f 106x+2)° g 8(5x—4)7° 6(7x—1)*
i (4x—1)7 i (2x+5)78 k (9x-2)" (5x + 4y
m 3(2x-1)"* n 57x+1)° o (x+5)7° -8

-1 6  4x? -1 -2
p #—4(3x-1) q (x-4)"+ < r 3(8x-1) —%
1 -2 -5 2

s &(23: - ?) +6(4x - 1) t 23x+4)" - 5

3 Differentiate with respect to x ]
a (1-x) b (5+x7 c @B+7x° d ($x-4)

4

e (2-5x° f (242" g (2 ’53") h (6-x"

4
i 51-207-72 | gxdx~ 12

8

16
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4 Differentiate with respect to x

d

5 Differentiate with respect to x

-

m

1
(x -1
1

Jx+ 2

4

(5 - 22y’

1

4(x + 2)F

f-3

6 Differentiate with respect to x

a

d

&

j

*-3)*

(4 - 3x%)°

1
x> -5

b (®-2%+1)°

e (2x*+5x-3)"

h V2x2—x+5

k %/(x3+x2+x+1)

January 2019

3x—4

(5x=1)°
9(3x - 2)°

4(1-2x)°

(6x + 1)

6( (2- 5x)3j

17
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] =]

=5

b= =T

12
(x-2)°
18
(x-7)
__6
(x+1)’
15
2(x—4)"

4(x — 1)3
—5(x + 4)*

18(x + 2)°

—12x?

10 3

= (x+4 )2
_12 _ 16

7xt o (x-4)

2

a

= g =h

Answers
18(3x + 1)°

January 2019
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a

. 5 i -2
(x+1) 3 x—1)3
__2 i = 3
3} 8(x+2)?

20 2
T (Ax+1)° k 3(x—4)7
__ 3 2
Gy I 15(6x +1)
__s m ——
(x-3)° 2(x+2)2
6 I —- 6
('_r+'|)d (x=3)1
4 o —
(2x-5)° 5(4-x)
_ 240 p —45(2-5x)?
(5x—1) .
— a (5-2x)7
3(x+2)
1

2x-1y
_ 6 -~

(x+1)
10

3(3x-2)°

1
(2-x)°

24
(5-3x)’

16
(5-8x)°

9
(1-2x)

a 8x(:x2 — 3)3

b 5(3x% - 4x)(x* — 2% +1)

¢ 3(4x’ - 5)(x* - 5x -2

d —36x(4-3x%)

4x + 5

e _
(2x% + 5x - 3)2
. 4(-2 - 327
(.—x3 — 2x + 32)5
2x
S e
h dx — 1
22x2 —x+5
i 9x?
2(2- 32 )'3"
j o oex’Vxt -1
K 3x2 + 2x + 1
3(x3 + x>+ x+ 1‘)?
| 3(Vx-2)
Jx

January 2019

\4

\2
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Questions
1 Differentiate with respect to x
a sin2x b cos5x Cc 3sindx
d 6cos3x e cos(2x + %) f sin(6x— )
8 3sindx h 2 cos10x i Isin(6x +2)
j -8 cos(}x) k sin(2-x) I —3sin(1-9x)
m cos5x—2sin3x n sinx+ 8cos3x 0 sin3x—2cosx
p 3sin(2x - x) - cos(3x)
2 a Find the gradient of the tangent to the curve y = sin 2x at the point where x = £
b The function f is defined by f(x) = 2cos (x - %) Find f’(zT")

A curve has equation y = cos3x. Find the gradient of the curve at the point

where x = 2£

d The function g is defined by g(x) = 4sin(%x). Find the rate of change of g
when x = 7

e Given y = 6cos (lx: + %), find % when x = Z
3 You will need a calculator for this question. Give your answers to 2 decimal
places.
a Given y=sin5x, find jx—ywhen x=1.
b The function h is defined by h(x) = 5cos (3x — 1). Evaluate h’(-3).

¢ Find the gradient of the tangent to the curve with equation y = 2sin(5 — 3x) at
the point where x = %

d The function f is defined by f(x) = 2cos(x — 3x). Find the rate of change of f
when x=-2.

4 Differentiate with respect to x.

a sin’x b cos’x c 2sin’x

d 5cos’x e -1 sin® x f & cos’ x
. 3 : ) 5

g (sinx + cosx) h (sin(2x-1))

5 Find the gradient of the tangent to the curve with equation y = sin”x at the point
where x = %

6 Differentiate with respect to x.

1 b 3 c +Jsinx d 12

sinx cosx cos? x

13 Functions fand g are defined by f(x) = cosx and g(x) = 3% -1

d Atthe point where x = 27", the tangent to the curve y = g(f(x)) is parallel to the
straight line ax — v/3y = 0. Determine algebraically the value of a.

20
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o U = o o n T W

— r — —

T © S 3

T QN T

Answers

2cos 2x
—5sin5x
12cos4x
—18sin3x
~2sin(2x + Z)
cos(6x — )
6cos(4x)

—6sin(10x)

2cos(6x + 2)

2en()

—cos(2 - x)

3cos(1- 9x)
—6cos(3x) — 5sin(5x)
cosx — 24sin(3x)

3cos3x + 2sinx

5 o o 3ein(3x
2cos{2x Jr)+2sm(_2)

1

-1
33

2

J2

6

3

13

a

o U = M oA T N O oon T

—

=¥}

=
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1.42

-8.16

-5.75

1.68
2cosxsinx
~3sinx(cos x)*

6cosx(sinx)’

—30sinx(cosx)
—2cosx(sinx)’

—6sinx{cosx}4

3(cosx — sinx)(cosx + sinx)’

10cos(1 - 2x)(sin(2x - 1))*

cosx 1 _ _ _cosx
sinx sinx (sinx)’

tanx
3 Cosx

Cosx
24sinx

tanx
(cosx)’

a=4.5>5
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