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The convergence or divergence of a power 

series is dependent on the value of  x

An infinite series is convergent if the sum 

to infinity exists; otherwise it is divergent

A power series converges if :

<  1    
n     ∞
lim

A power series is an infinite series of the form : 

               a r x
 r

=  a 0 +  a 1 x  +  a 2 x
 2

+  a 3 x
 3

+ . . .Ʃ
r  =  0

∞

 where  x  is regarded as a variable and all 

the  a r ∈ R  and do not depend on  x

a n + 1 x

a n
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Useful Result

If  |x|  <  1, as  n      ∞, n x n       0
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Find the sum to infinity of the series given by 

S  =  1  +  3 x  +  5 x 2
+  7 x 3

+ . . . +  (2 n  -  1) x n - 1
+ . . . 

and find for which  x  values it is convergent.

The  nth  partial sum of  S  is,

S  =  1  +  3 x  +  5 x 2
+  7 x 3

+ . . . +  (2 n  -  1) x n - 1
+ . . . 

S n =  1  +  3 x  +  5 x 2
+  7 x 3

+ . . . +  (2 n  -  1) x n - 1

x S n =  x  +  3 x 2
+  5 x 3

+ . . . +  (2 n  -  1) x n

(1  -  x) S n =  1  +  2 x  +  2 x 2
+ . . . +  2 x n - 1

-  (2 n  -  1) x n

(1  -  x) S n =  2  +  2 x  +  2 x 2
+ . . . +  2 x n - 1

-  (2 n  -  1) x n
-  1

(1  -  x) S n =  2 (1  +  x  +  x 2
+ . . . +  x n - 1 )  -  (2 n  -  1) x n

-  1

(1  -  x) S n = -  (2 n  -  1) x n
-  1

2 (1  -  x n )

1  -  x

             S n = -
2 (1  -  x n )  -  1 (1  -  x)

(1  -  x) 2

 (2 n  -  1) x n

1  -  x

If  |x|  <  1, as  n      ∞, x n       0  and  n x n       0; hence, 

taking the limit  n      ∞  in the above equation gives,

             S ∞ = -  0
2 (1  -  0)  -  1 (1  -  x)

(1  -  x) 2

             S ∞ =
2  -  1  +  x

(1  -  x) 2

             S ∞ =                      (|x|  <  1)              
1  +  x

(1  -  x) 2

∴

⇒

⇒

⇒

⇒

⇒

⇒

⇒
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Find the sum to infinity of the series given by 

S  =  1  +  3 x  +  7 x 2
+  15 x 3

+ . . .  and find for which  x  

values it is convergent.

S  =  1  +  3 x  +  7 x 2
+  15 x 3

+ . . .

x S  =  x  +  3 x 2
+  7 x 3

+  15 x 4
+ . . . 

(1  -  x) S  =  1  +  2 x  +  4 x 2
+  8 x 3

+ . . .  

∴

⇒

The RHS of the above is a geometric series with first term  1  

and common ratio  2 x; hence, it will converge when |2 x|  <  1  

⇒ |x|  <  1/2. So,

(1  -  x) S  =
 1 

1  -  2 x

S  =                                     (|x|  <  1/2) ⇒
 1 

(1  -  x) (1  -  2 x)
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