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6/2/18

Matrices and Systems of Equations - Lesson 6

Determinants and Inverses of 3 X 3 Matrices

LI

e Calculate 3 x 3 Determinants.

e Calculate the Inverse of a 3 x 3 matrix.
e Solve systems of equations using inverses.
e Matrix Properties 3.

SC

e Primary school arithmetic.
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The determinant of A

|
O a o

de‘rA=|A|=a|ef|—b|df

where I i f I is the determinant of (: f ) etc. .
i i

A formula exists for the inverse of a 3 x 3 matrix,

but it is very complicated; we instead use row reduction
(as in Gaussian Elimination).
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Finding the inverse of a 3 x 3 matrix A involves
row-reducing the giant augmented matrix,

(A1T)
(IB)

to the form,

Then B = A,
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The reason the preceding procedure works is explained thus :

Ax = p (Alp)

Ix=A'p T|A 'p

Choosing the vector p to be each of the three columns of
the identity matrix, each p picks out the columns of A™'.
The calculation is more convenient if we start with the
whole identity matrix, instead of its separate columns.
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13)
14)
15)
16)
17)
18)

19)

Matrix Properties - 3
|AB| = |A] |B|
|k A| = k" |A|,if A hasorder n x n
AT = |A
(AB)' = B 'A”’
(kA) "= (1I/k) A"
(AN "= (A

A7 = 1/]A]
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Example 1
10 k O
Find k so that A = k 1 3 is singular.
-3 01
For singularity, we require |A| = 0. So,
1 3 k 3 k 1
10 - k 0 =
I 0 1 I |—3 B IR ol
= 101 -0) - k(k + 9) =
= 10 - k? - 9k =
= k? + 9k - 10 =
= (k + 10)(k - 1) =
= k = -10,k =1
Sep 12-14:22
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Example 2

Find the inverse of A

RZ-RZ - ZRI
>

R3_>R3 - 5R1

R3 - R3 - (3/5) RZ

—

Ry — (‘ 5) R;

= 2

1 1
O -5
O O

1
-3
-1/5

1 O O
0 1 O
O 0 1
1 0 O
-2 1 0
-5 0 1
1 o)
-2 1
-19/5 -3/5
1 O O
-2 1 O
19 3 -5

0

1
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1 1 1 1 O O

0O -5 o) 55 10 -15
O O 1 19 3 -5

RZ-RZ + 3R3

\

R, — (- 1/B5) R,

\

N NN NN

12 2 -3
-11 -2 3
O O 1 19 3 -5

Rl _>R1 - RZ

1 0 O |-7 -1 2
-11 -2 3
19 3 -5

Rl _>R1 - R3

\

o O
O =
= O

-7 -1 2
-1 -2 3
19 3 -5

>
I
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Example 3

Show that for an orthogonal matrix A, |A| = +1.
If A isorthogonal,
AAT = T
|AAT| = |T|
= |Al AT = 1|

= |Al|Al = |T|

= |A|Z = 1
= |A| = +1
Sep 12-14:22
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AH Maths - MiA (2" Edn.)

e pg. 247-9 Ex.13.9 Q4,5.

e pg. 275-6 Ex. 14.10
Qla,e 2d,g,h.
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Ex. 13.9
4 Evaluate each determinant.
2 13 -1 21 4 13 1 1 1
a |4 -2 8§ b 3 45 c (1 32 d 2 -2 3
3 6 8 2 —7 3 Z—11 —1 —1 —1
5 Simplify each determinant.
a b ¢ p 2 4 1 k2 101
a |4 7 —1 b|lg—-1 3 c 4 m—1 d [0x0
g —3 B r 1 -2 —3 n 2 101
Ex. 14.10

1 Using elementary row operations, find the inverse of each of these non-singular matrices.

102 510 2
a 1411 e (1 5§ 2
310

4 3 —1
2 For each of these matrices A
i show that A is invertible [by showing |A| # 0]

ii find the inverse matrix, A~!, by using elementary row operations.

100 321 -1 4 1

d|310 g |56 4 h| 2-3 1

214 723 1 2 -1
Jun 19-11:45
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Answers to AH Maths (MiA), pg. 247-9, Ex. 13.9
4 a —19 b —-74 c 2 d O
5a —(2a+36+29%) b 10r+8g—p
c 8m—5k+9n d O
Answers to AH Maths (MiA), pg. 275-6, Ex. 14.10
-1 2 -2 —11 16 10
1 a 3 —6 7 e 9 —13 -8
1 -1 1 —17 25 15
( 4 00\ 1( 10 —4 2\ 1(16 7‘
2d H-12 40| g 55 13 2-7 h =5(30 3
4 24
\ 111/ \-32 s s ©\7 6 =5l

Jun 1-11:51



