
005 - Reduction Formulae.notebook

1

September 12, 2017

Jan 10-12:11

•

•

•



005 - Reduction Formulae.notebook

2

September 12, 2017

Aug 24-18:37

A recursive formula (aka recurrence relation) 

is one that allows values to be obtained 

from previous ones 

A reduction formula is a recursive formula 

involving integrals

In this lesson, 'n'  will always represent a whole number 

and  'a'  will always represent a real number
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Obtain a reduction formula for       cos 
n
 x  dx.                              

Let  I n =       cos
n

x  dx = cos 
n - 1

 x . cos x  dx.∫ 
u  = cos 

n - 1
 x                              ,     v  =  sin x                             

u'  = - (n  -  1) sin x cos 
n - 2

 x      ,    v'  =  cos x

I n =  u v  -     u' v  dx

u v' 

I n = S C
n - 1

+ (n  -  1) S 
2
 C

n - 2
  dx∫

∫  

∫ 

In the following, we make the useful abbreviations 

S  =  sin x  and  C = cos x; so, for example, 

sin
2
 x  =  S 

2
  and cos 

n
 x  = C 

n
.                     

⇒ I n = S C 
n - 1

+  (n  -  1) (1  -  C 
2
) C 

n - 2
  dx∫

⇒ I n = S C 
n - 1

+  (n  -  1)     (C 
n - 2

-  C 
n
)  dx∫

⇒ I n = S C 
n - 1

+  (n  -  1) I n - 2 -  (n  -  1) I n

⇒ I n = S C 
n - 1

+  (n  -  1) I n - 2 -  n I n +  I n

⇒    n I n = S C 
n - 1

+  (n  -  1) I n - 2

⇒ I n = S C 
n - 1

+               I n - 2
n  -  1

n
1
n

Hence obtain an expression for       cos 
5
 x  dx.                              ∫  

⇒ I n = sin x cos 
n - 1

 x  +               I n - 2
n  -  1

n
1
n

This reduction formula allows us to work out  I 5  if 

we know  I 3; I 3  can be worked out if we know  I 1.
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I 1 = cos x  dx ⇒  I 1 =  sin x               ∫   

I 3 =        sin x cos 
3 - 1

 x  +               I 3 - 2

⇒ I 3 =        sin x cos 
2
 x  +       I 1

⇒ I 3 =        sin x cos 
2
 x  +       sin x

⇒ I 5 =         sin x cos 
4
 x  +         I 3

I 5 =        sin x cos 
4
 x  +        sin x cos 

2
 x  +        sin x  +  C4

15
1
5

I 5 =        sin x cos 
4
 x  +                sin x cos 

2
 x  +      sin x4

5
1
5

2
3

8
15

)(⇒

1
5

4
5

I 5 =         sin x cos 
5 - 1

 x  +                I 5 - 2
1
5

5  -  1
5

1
3

2
3

1
3

2
3

1
3

3  -  1
3

1
3
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Example 2

Find a reduction formula for        x 
n  

e
 - 3x

  dx.                              

Let  I n = x 
n  

e
 - 3x

  dx.

u  =  x 
n  

          ,     v  = - (1/3) e
 - 3x

u'  =  n x 
n - 1

     ,    v'  =  e
 - 3x

u v' 

∫ 

⇒ I n = - e
 - 3

+ I n - 1

Hence obtain        x 
2  

e
 - 3x

  dx  as an exact value.                              ∫ 

∫ 

I n =  [u v]    -       u' v  dx∫

I n = - [x 
n  

e
 - 3x

] + x 
n - 1

e
 - 3x

  dx       n
3 ∫  

n
3

I n = -      (1 . e
 - 3 

-  0) + x 
n - 1

e
 - 3x

  dx       n
3∫ ⇒

1
3

1
3

1
3
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         I 0 = e
 - 3x

dx  ⇒  I 0 = - e
 - 3

+∫ 

1
3

1
3

⇒ I 1 = - e
 - 3

+ - e
 - 3

+
1
3 ( )

⇒ I 1 = - e
 - 3

- e
 - 3

+
1
9

1
3

1
3

I 1 = - e
 - 3

+ I 0

1
3

1
3

1
3

1
3

1
9

⇒ I 1 = - e
 - 3

+
4
9

1
9

I 2 = - e
 - 3

+ I 1

2
3

1
3

4
9

⇒ I 2 = - e
 - 3

+ - e
 - 3

+
2
3 ( )1

9
1
3

⇒ I 2 = - e
 - 3

- e
 - 3

+
8
27

2
27

1
3

⇒ I 2 = - e
 - 32

27
17
27
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Obtain a reduction formula for       sin  x  dx.∫
Hence obtain an expression for       sin  x  dx.∫

Find a reduction formula for        x  2x  dx.

Hence obtain        x  2x  dx  as an exact value.
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cos x sin

        cos x sin         cos x


