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The partial sum of a sequence is the sum to  n  terms  S n

An infinite series is obtained by adding 

infinitely many terms of a sequence

The sum to infinity (aka infinite sum) of a sequence is all 

the terms of the sequence added together; it is also 

given by the limit as  n      ∞  of the partial sums :

S ∞ =        S n
n     ∞
lim
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S ∞  for an Arithmetic Series

S n =       [2 a  +  (n  -  1) d]n
2

Expanding brackets and rearranging gives  S n  in the form,

S n =  P n 2
+  Q n

As  n      ∞, S n ± ∞. So, 

S ∞  does not exist for an arithmetic series
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S ∞  for a Geometric Series

As  n      ∞, r n
± ∞. So, S n ± ∞. Hence, S ∞  does not exist.

For a geometric series, S ∞  exists provided 

that  - 1  <  r  <  1 (i.e. |r|  <  1) :

S n =
a (1  -  r n )

1  -  r

S ∞ =
a 

1  -  r

r  > 1  or  r  < - 1 :

As  n      ∞, r n       0. So, S n                                              .

- 1  <  r  < 1 :

a (1  -  0 )

1  -  r
a 

1  -  r
=
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Show that the sum to infinity for the geometric series  

36  +  12  +  4  + . . .  exists and hence find this sum.

∴

⇒

∴

We have  a  =  36  and  r  =  4/12  ⇒  r  =  1/3.         

S ∞ =
a 

1  -  r

S ∞ =
36 

1  -  (1/3)

S ∞ =
36 
2/3

S ∞ =  54     

As  - 1  <  1/3  <  1, S ∞  exists         
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Find the condition on  x  for the series  1  +  3 x  +  9 x 2
+ . . .  

to have a sum to infinity.

⇒

A successive ratios are constant, the series is geometric. We also 

have  a  =  1  and  r  =  3 x. S ∞  will exist if  |r|  <  1, i.e. when,  

3 |x|  <  1       

9 x 2
÷  3 x  =  3 x

3 x  ÷  1  =  3 x

|3 x|  <  1

⇒ |x|  <  1/3       

S ∞  will exist if  |x|  <      ,  i.e. - <  r  <1 
3 

1 
3 

1 
3 
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Write  0 . 363 636 . . .  as a vulgar fraction in simplest form.

0 . 363 636 . . .  =  0 . 36  +  0 . 0 036  +  0 . 000 036  + . . .         

36 
⇒ 0 . 363 636 . . .  = + + + . . .         

10 2

36 

10 4

36 

10 6

⇒ 0 . 363 636 . . .  =  36 (10 - 2
+  10 - 4

+  10 - 6
+ . . . )         

0 . 363 636 . . .  =  36         
10 - 2

1  -  10 - 2(     )         

The bracketed term is a geometric series with common ratio 

10 - 2  and first term  10 - 2. As  - 1  <  10 - 2
<  1, the sum to 

infinity exists. So, 

⇒ 0 . 363 636 . . .  =  36 
1 

10 2
-  1(     )         

⇒ 0 . 363 636 . . .  = 36
99

⇒ 0 . 363 636 . . .  = 12
33
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Write                   in the form          k r x r, stating the value 

of the real number  k  and the range of values of  x  for which 

the sum is valid.

⇒

Ʃ
r  =  0

∞
1 

1  -  2 x

1 
1  -  2 x

=  1  +  2 x  +  (2 x) 2
+  (2 x) 3

+ . . . 

1 
1  -  2 x

is of the form of the infinite sum               , which is   
a 

1  -  r

the limit of a geometric sequence with common ratio  r  and first 

term  a  (we have  a  =  1  and  r  = 2 x), provided  |r|  <  1. The 

expansion will be valid provided that  |2 x|  <  1  ⇒  2 |x|  <  1  

⇒  |x|  <  1/2. So, if this is the case,   

1 
1  -  2 x

=  (2 x) 0
+  (2 x) 1

+  (2 x) 2
+  (2 x) 3

+ . . . 

⇒
1 

1  -  2 x
=          (2 x) r

Ʃ
r  =  0

∞

⇒
1 

1  -  2 x
=          2 r x r    

Ʃ
r  =  0

∞

(         )           k  =  2, |x|  < 1 
2 
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Write                   in the form          (- 1) r k r + 1 x r, stating the 

value of the real number  k  and the range of values of  x  for 

which the sum is valid.

Ʃ
r  =  0

∞
1 

5  +  x

=  (1/5) (1  +  (- x/5)  +  (- x/5) 2
+  (- x/5) 3

+ . . .) 

     is of the form of the infinite sum               , which   
a 

1  -  r

is the limit of a geometric sequence with common ratio  r  and 

first term  a  (we have  a  =  1  and  r  = - x/5), provided  

|r|  <  1. The expansion will be valid provided that  |- x/5|  <  1  

⇒  |x/5|  <  1  ⇒  (1/5) |x|  <  1  ⇒  |x|  <  5; then,

⇒ =   (1/5)         (- x/5) r

Ʃ
r  =  0

∞

(         )           k  =      , |x|  < 5

1 
1  -  (- x/5)

1 
5  +  x

=
1 

5 (1  +  (x/5))
1 

1  -  (- x/5)
= (       )         1 

5

1 
5  +  x

1 
5  +  x

⇒ =   (1/5)         (- 1) r (1/5) r x r

Ʃ
r  =  0

∞
1 

5  +  x

⇒ =   (1/5)         (- 1) r (1/5) r + 1 x r

Ʃ
r  =  0

∞
1 

5  +  x

1 
5 
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Write                   in the form          k r x r, stating the value 

of the real number  k  and the range of values of  x  for which 

the sum is valid.

Ʃ
r  =  0

∞
1 

1  -  7 x
1)

Write                   in the form          (- 1) r k r + 1 x r, stating the 

value of the real number  k  and the range of values of  x  for 

which the sum is valid.

Ʃ
r  =  0

∞
1 

6  +  x
2)

Write                   in the form          p (- 1) r k r + 1 x r, stating the 

value of the real numbers  p  and  k  and the range of values of  

x  for which the sum is valid.

Ʃ
r  =  0

∞
4 

9  +  x
3)
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1)

2)

3)

1 
1  -  7 x

=          7 r x r    

Ʃ
r  =  0

∞

(         )           k  =  7, |x| < 1 
7 

(         )           k  =      , |x| < 6=         (- 1) r (1/6) r + 1 x r

Ʃ
r  =  0

∞
1 

6  +  x
1 
6 

(            )           p  =  4, k  =  9, |x| < 9=         4 (- 1) r 9 - (r + 1) x r

Ʃ
r  =  0

∞
4 

9  +  x


