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5/12 /17
Unit 2 : Proof by Mathematical Induction - Lesson 4
Mathematical Induction 4
(Differentiation)

LT

e Use Proof by Mathematical Induction to solve problems
involving differentiation.

SC

e Product Rule.
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Proof by Mathematical Induction

The Principle of Mathematical Induction (PMI) states
that, to prove a statement (P (n)) about an infinite set
of natural numbers :

e Prove the Base Case : P (n,) is true.

e Prove the Inductive Step:
P (k) true = P(k + 1) true.

Then P (n) istrue Vn = n,.

Usually, n, = 1; then we would state the conclusion as

'‘P(n) istrue Yn € N'.
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Notation for Higher Derivatives

For a function y = f (x), the n" derivative of f with

respect to x is variously denoted as:

dx"
D"f

The (k + 1)™ derivative of f can be written in terms of
the k™ derivative of f:

d'’ f = d d" f . 4 means d
dx**? dx dx* " odx dx

D' 'f = D(D"F) © D means D'

1

1
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Example 1
. . dn 5 x 5 x
Prove by induction that e e =5e” VYneN
X
P(n): d e5x _ 5ne5x
dx"
Base Case
1
LHS = dl e’ = 5"
dx

RHS = 5'e’* = 5¢°*

As LHS = RHS, P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

kKo 5xy _ k 5x Inductive
D (e ) =9d'e Hypothesis

RTP statement

Dk+1(e5x) _ 5k+le5x

D" (e”) = D(D* (™)
>  D"''(e”™) =D(5"e™)
> D""(e™) =5"D(e”")
>  D'''(e”) =5".5.¢

= Dk+1(e5X) — 5k+le5x

Hence, P (k) true = P(k + 1) true

‘P (1) true' and 'P (k) true = P(k + 1) true' together
imply, by the PMI, that P (n) isfrue Yn € N

Oct 2-23:10
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Example 2

n

xe ' =(n+ x)e* ¥Ynh € N.

Prove by induction that -
dx

P(n): D"(xe*) = (n + x)e”
Base Case
LHS = D'(xe*) =1.e* + x.e* = (1 + x)e”

RHS = (1 + x)e”

As LHS = RHS,P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

Inductive

k X X
D (xe ) - (k + x)e Hypothesis

RTP statement
D¥"'(xe*) = (k + 1 + x)e*

D" (xe*) = D(D"(xe™))
=  D'''(xeX) = D(k + x)e¥)
= D*'(xe*) =1.e" + (k + x).e"
=  D*"'(xe*) = e (1 + k + x)

> D''xe)=(k+ 1+ x)e”

Hence, P (k) true = P(k + 1) true

‘P (1) true' and 'P (k) true = P(k + 1) frue' together
imply, by the PMI, that P (n) isfrue Vn € N

Oct 2-23:10
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Example 3

Inx = (-D""'(h - DIx"

Prove by induction that d
dx

for all natural numbers.

P(n): D"(Inx) = D" '(n - DIx"

Base Case
LHS = D'(Inx) = 1/x = x™!
RHS = (-)!''@ - DIx ' =1.0l.x"'=x"

As LHS = RHS,P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

Inductive

K k-1 -k
D (Inx) = (-1) (k - Dlx Hypothesis

RTP statement
D¥"'(Inx) = (-1)FKkIx **D

D¥"'(Inx) = D (D*(Inx))

= D' '(nx) = D(-D "k - 1)Ix")

= D''(nx) = D"k - DIDKXH)

= D'(nx) = (D" - DIG-kx
= D''(nx) = DTk - DIED. k.x K

> D*"'(Inx) = (-1 " k.(k - Ix*D

> D"'(Inx) = (-1 kIx “P

Hence, P (k) true = P (k + 1) frue

‘P (1) true' and 'P (k) true = P(k + 1) true' together
imply, by the PMI, that P (n) istrue Vn € N

Oct 2-23:10
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Example 4
Prove by induction that D" ((1 - x)™') = nl(1 - x) """
for all natural numbers.
P(n): D"(@-x)7") =nl@-x)"""
Base Case
LHS = D' (@ - = DA -7 =(01-x7°

RHS

1@ - x4 =@ - x)?

As LHS = RHS, P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

k -1y -(kk+1) Inductive
b ((1 - X) ) N k!(l - X) - Hypothesis

RTP statement
D' N - x)) = (k + DI - x) &2

D I( - x)7) = DO - %
= DM@ -x)) =Dk!-x) )
= DTN - x)) = kID( - x)7F
= DM -x)N) =klI(-k-1D.1-x) (=)
= DM@ -x)) =kI(-(k+1).A-x) (-1

= DT -x))=(k+ DI - X))

Hence, P (k) true = P(k + 1) true

‘P (1) true' and 'P (k) true = P (k + 1) true' together
imply, by the PMI, that P (n) isfrue Vn € N

Oct 2-23:10



004 - Mathematical Induction 4 (Differentiation).notebook December 04, 2017

Example 5

Prove by induction that D" (sinx) = sin(x + (hm/2)) Vn € N.
P(n): D"(sinx) = sin(x + (nm/2))
Base Case

LHS = D'(sinx) = cos x

RHS

sin(x + (m/2)) = sinx cos (m/2) + sin(m/2) cos x
= sinx.0 + 1.cosx

= CO0S X

As LHS = RHS, P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

K, . . Inductive
D" (sinx) = sin(x + (km/2)) ~— Hypothesis

RTP statement
D¥ ! (sinx) = sin(x + ((k + 1)7/2))

D*"!(sinx) = D (D (sin x))

> D" !(sinx) = D(sin(x + (km/2)))
= D" !(sinx) = cos(x + (km/2)).1
- D*"!(sinx) = sin(x + (kn/2) + m/2)
- D" '(sinx) = sin(x + (k + 1)7/2))

Hence, P (k) true = P(k + 1) true

‘P (1) true' and 'P (k) true = P (k + 1) true' together
imply, by the PMI, that P (n) istrue Vn € N

Oct 2-23:10
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Questions (and 'Answers' 1)

Prove by mathematical induction that Vv n € N:

1) D"(”) =7"e" (Yn € N).
2) D"(xe ) = (-1)"(x - ne  (Ynh € N).

(n+1)

3) D"( - 3x)') =3"nl(l - 3x) (vn € N).

4) D"(xInx) = (-1D)"(n - 2)!Ix P (vn

\%

2).

5) D"(cosx) = cos(x + (nm/2)) (Vn € N).

Nov 24-00:35



