004 - Intersections of Lines and Planes.notebook February 22, 2018

21/2/18

Vectors, Lines and Planes - Lesson 4

Intersections of Lines and Planes

LI

e Find intersections of lines and planes.
e Find intersections of 2 and 3 planes.

e Find the angle between 2 planes and the angle between
a line and a plane.

sC
e Scalar product.
e Equations of lines and planes.

e (Gaussian elimination.
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Intersection of a Line and a Plane

Get line in parametric form and plane in Cartesian form;
substitute parametric equations for x,y and z into plane
equation. An equation of the following form will result :

At + B=20

1 Intersection Point (A # 0):

No Intersection (A = 0,B = 0):

Infinitely Many Intersection Points (A = 0,B = 0):

The angle between a line and a plane is the complement of
the angle between the line direction and plane normal :

Angle between plane
normal and line
directionis o

Angle between line
and plane is ©
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Intersection of 2 Planes

This involves solving a pair of equations for x,y and z; the
augmented matrix, after row-reduction, can take various forms.

Intersection in a Plane :

(O 0 0O1]O0
/ At least one of
a,b,c =0

Intersectioninaline:

At least one of
ab,c+0

At least one of
e,f =0

No Intersection :

At least one of
ab,c+0

V2 ()
/S

The angle between 2 planes is the angle
between their normal vectors
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Intersection(s) of 3 Planes

This involves solving 3 equations for x,y and z: the augmented
matrix, after row-reduction, can take various forms.

Typel:
3 coincident planes
a b cl|
SO I /A

Solutions : infinitely many points

At least one of

a,b,c =0 in a plane

Type 2 :

a b c |

0 O 0] k

0 O 0] 0

At least one of
a,b,c 0
k+0
(a) 2 plane equations the same (b) No plane equations the same
2 coincident planes, 3 distinct planes

1 different from these

Solutions : hone Solutions : hone

Type 3 :
a

0 e
0O O oO0]O0

X .

At least one of

a,b,c # 0
At least one of
e,f +0
(a) 2 distinct normals (b) 3 distinct normals
2 coincident planes, 3 distinct planes

1 different from these

= =

Solutions: 1 line Solutions : 1 line
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Type 4 .
a c J
0O e f k
O O 0 l
At least one of At least one of
ab,c 0 e,f+0
(a) 2 distinct normals (b) 3 distinct normals
2 parallel planes .
. . ' 3 distinct planes
1 intersecting both these P
Solutions : 2 lines Solutions : 3 lines
Type 5:
a C J
0 e £ k 3 distinct planes
O O i l
At least one of 2;
ab,c 0 -
At least one of Solutions : 1 point
e,f+20
i 0
Mar 11-13:04
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Example 1

Find the point of intersection of the line,

x -7 _ y-1  z7_24
3 4 13

with the plane 6 x + 4y - 5z = 28. Also determine the
angle between the line and the plane.

Substituting the parameftric line equations,

X =31t + 7
y =4t + 11
z = 131t + 24

into the plane equation gives, upon simplification (check!),
-31t = 62

= T = -2

Substituting this value of 1 into the parametric line equations
gives the intersection point of the line and the plane.

Intersection point: (1,3, - 2)
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Using the line direction vector (3, 4, 13) " and the plane
normal vector (6,4, -5)" gives,

31
coso = -
V194 /77
= a =75.3°

® = 90° - 75.3°
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Example 2

Show that the line,

x-3 _ y+4 _ z-1
12 -4 3
and the plane 2x + 3y - 4z = - 10 intersectina line.

Substituting the parameftric line equations,

x =12t + 3
y =-4%t - 4
z =31t +1

into the plane equation gives, upon simplification (check !),

0=20

Infinitely many intersection points
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Example 3
Find the intersection of the 3 planes,

x -y +z=10
2x -y +3z=25
4x -2y + 6z =10

Notice that the last 2 equations are identical. The augmented
matrix is,

nN
|
—
w
(&)}

—
|
—_
—

R, — R, - 2R, 10

N
|
—
w
(&)}

0 ol o
R, — R, - 2R, 1 -1 1] 10
0o 1 1]-15

O 0 O 0

The form of the matrix, and the fact that there are 2 distinct
normals, shows that we are in Type 3 (a).

Let z = t. Then the row-reduced equations become,

10
-15 >y =-15 - ¢

X -y + 1

y + t

x =10 -t -15 - 1

= X =-5-2%
+ 15
Intersection : the line =— 5_Y =Z (= te R)
-2 -1 1
Feb 15-07:43
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AH Maths - MiA (2" Edn.)
e pg. 300-1 Ex. 15.10
Qla,b,2c¢c 4a.
e pg. 303 Ex.15.12 Q 1.

e pg. 307 Ex. 15.13
Qla,b,c, 2a,b.
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Ex. 15.10

1 Foreach of these plane and line pairs find
i the coordinates of the point of intersection
ii the angle between the line and the plane.
x—12 y+7 z—35
TS T 4773
bx—3=2,y+3=0,z—2=—3x—4y+2z=33

.Sx+3y—z=14

2 Show that in each case the given line is parallel to the given plane.

x—9 y—4 z+3
¢ —3 =73 =_—yanddx—4+tz=9

4 Show that in each case the given line lies within the given plane.
x—3 y+4 z-1
712 T =4 T3

and2x + 3y —4z+10=0

Jun 19-11:45
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Ex. 15.12

1 Find the equations of the line of intersection of each of these pairs of planes.
a x—y—3z+7=0and2x+3y—z+4=0
b x—2y—2z+8=0and2x—y—2z=1

Ex. 15.13

1 Determine how each of these sets of three planes intersect. Give the coordinates of the point of intersection
or the equations of any lines of intersection.

a x+2y+3z=3 b x+2y+3z=3 c 2x+y+3z=35
2x—y+4z=35 2x—y+4z=35 Ix—y+2z=1
x—3yt+t2z=2 x—3yt+tz=2 x—2y—z=-3

2 Comment on the intersection of these sets of planes.

a xt4y+35z=6 b 2x—4y+4z=28

2x + 8y + 10z =12 x—2y+2z=7

8x + 32y + 40z = 48 3x — 6y + 6z = —2

Jun 19-11:45
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Answers to AH Maths (MiA), pg. 300-1, Ex. 15.10
1 a (2,1,—1) 138° b (7,—3,0) 194°

2 Proof, show that the direction vector of the line is

perpendicular to the normal vector to the plane.

4 Proof (as Q2 burt also show that “the” point on the line
lies in the plane)

Answers to AH Maths (MiA), pg. 303, Ex. 15.12

x+3 g—2

| B oz L Xy
ba 5 == 771 37 =2 °

Answers to AH Maths (MiA), pg. 307, Ex. 15.13

1 a Inthe single point (% é 0)
13 —35x 1-—35y

- y_z
b In the line T 3 T

¢ In three parallel lines

5x + 4 _ 5y+17 _ Z_
-5 -5 1
S5x + 13 _ Sy-1 _ =z
-5 -5 1
5x - 5 _ 5y—10 _ Z_
-5 -5 1

2 a Three coincident planes
b Three parallel planes
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