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Integration - Lesson 4

Integrals of Sine and Cosine
LI

e Know the integrals of sin(ax + b) and cos (ax + b).

sC
e Opposite of Chain Rule.
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Important Reminder

When differentiating sine and cosine, we work in radians.
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Applying the Chain Rule for differentiation to the functions,

Y1=%Sin(ax+b) and y2=—%cos(ax+b)

(a and b are constants with a # 0)

we get,
& = cos(ax + b) and dy: _ sin(ax + b)
dx dx

Remember, these derivatives are only tfrue when x is in RADIANS

Hence,

f sin(@ax + b) dx = - % cos(@x + b) + C

and

f cos(@x + b) dx = % sin(ax + b) + C

(a = 0)
(x isin RADIANS for both)

Common special cases of these occur when a = 1 and b = O:

f sinx dx = -cosx + C
and

J. cosx dx = sinx + C

(x isin RADIANS for both)
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Example 1

Integrate 3 cos x.

f3cosx dx = 3] cos X dx

=|3sinx + C
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Example 2

Find - %f sin x dx.

3 : 3
—5f5|nxdx —5(cosx)+C

=icosx + C

5
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Example 3

Integrate 8 cos 16 x.

f8c0516x dx = 8fc0516x dx

8 sinlé x + C

16

_ | L sinléx + C

2
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Example 4

Find % f sin(5 x - 1) dx.
% fsin(5x - 1) dx

4 1
5 ( 5)cos(5x 1) + C

_ -4 _
= >5 cos(bx - 1) + C
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CfE Higher Maths

pg. 276 -7 Ex. 11E
Qla-0,2a-h,3-5
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Questions
1 Integrate with respect to x.
a 8cosx b 3sinx ¢ —4sinx
d 2cosx e %cosx f - 551|4nx
g 4cos(x — %) h 5sin(x - 2) i cos5x
j sindx k 8cos2x | %cos(&r - )
m sin%x n 6cos§x 0 9sinbx
2
2 Integrate with respect to x.
a 3sinx+5x° b 2cosx + % ¢ 4x —sin2x
x
d sin(x — %) +(x-3V e (4x+17 —cos3x f X3 LW 4sin(x — 1)
X
2 5 1
—— — 5cos3x h — - .
g NP COS3x R 4sin X

3 a By using the fact that cos2x = 2 cos’x — 1, show that cos” x = 1 + 1cos2x.
b Using your answer from part a show that Jcosz xdx = 3x+4sin2x +c.
4 a By using the fact that cos2x = 1 — 2sin’x, show that sin’x = 3 — 1 cos2x.

b Hence show that jsinzx dx = Tx — Jsin2x + c.

5 Integrate with respect to x.

a 4sin’x b %cos‘?x c sin2x +sin’x
. .
d cos’x - §x2 e sin’x— cos’x f %Cosz X
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Answers
3
1 a 8sinx+c 2 a % — 3cosx + ¢
b -3cosx + ¢ b —%+25inx+c
3
C 4cosx +c C 3,% + %c052x +c
d 2sinx+c¢ d (x=3)f , .
- =) _cos(x - Z)+ ¢
e Isinx+c _ = :
. SL(4x +1)° — 1sin3x +
- e 574x+1 3sin3x + ¢
f SCosx+c o .
4 ( \ f 53 —4cos(x-1)+c
- ” -
g 4sin|x -3 _
L g 4\/;—%5|n3x+c
h —5cos(x—-2)+c¢ . 1
i Lsin5x + ¢ h -5z +8cosqx+c
J —%cosalx +c
k 4sin2x + ¢
1.3 i
| zSin(3x — ) + ¢
m —2cos%x .
n 4sin(3—;) +c
0 —%cosSx +c

10
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3 a 1+cos2x= 2(cosx)’ 5 Please note that there are many
.. 2 1/ . different forms of the answer, each one
(cosx)” = 5(1+ cos2x)

- : 2% : correct.
_ 1.1 .
= 5 +3C0s2x a 2x-sin2x +c¢
_ . _ _
b J(% + Lcos2x)dx b z(x + sinxcosx) + ¢
- o
C —+(2x — 2c0s2x — sin2x) + ¢
=JX+ %J.cosZrdx a( _ . )
d 3+1sin2x—& +¢
= Jx+gsin2x + ¢ .
- € —5sin2x +c
f

X + 75Sin2x + ¢
. 32
4 a 1-2(sinx)” = cos2x

—2(sinx)” = (cos2x — 1)
1

(sinx)’ = 1 — Jcos2x

b J(% — lcos 2xl)dx
= JXx— %Jcoslxdx
1
2

X - %sin2x +c

1"



