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A polynomial of degree  n  with all coefficients real 

can be written as a product of real linear and 

real irreducible quadratic factors

A polynomial of degree  n  has  n  complex roots

 If  z  is a non-real root of a polynomial  P  with all 

coefficients real, then the complex conjugate 

of  z  (i.e. z) is also a root of  P

Possible Roots for a Cubic

• 3  real roots.

• 1  real root, 2  non-real roots (conjugates).

Possible Roots for a Quartic

• 4  real roots.

• 2  real roots, 2  non-real roots (conjugates).

• 2  pairs of non-real roots (conjugates).

 The Fundamental Theorem of Algebra states that 

every non-constant polynomial with complex 

coefficients has at least one complex root



003 - Solving Complex Polynomials.notebook

3

October 13, 2017

Oct 2-23:10

If  z  =  5  is a root of  z 
3   

-  11 z 
2   

+  43 z  -  65, find 

the remaining roots. 

Let  P (z)  =  z 
3   

-  11 z 
2   

+  43 z  -  65. As  P (5)  =  0, 

z -  5  is a factor of  P. 

z 
3   

-  11 z 
2   

+  43 z  -  65z  -  5

z 
2   

-  6 z  +  13

z 
3   

-  5 z 
2

- 6 z 
2   

+  43 z  -  65

- 6 z 
2   

+  30 z

13 z  -  65

13 z  -  65

0

As remainder = 0, z 
2   

-  6 z  +  13  is also a factor of  P; so, 

P (z)  =  (z -  5) (z 
2   

-  6 z  +  13)

Roots :

P (z)  =  0  ⇒  (z -  5) (z 
2   

-  6 z  +  13)  =  0

⇒  z -  5  =  0,  z 
2   

-  6 z  +  13  =  0

z =  5 z =  3  +  2 i, 3  -  2 i 

Use 

Quadratic 

Formula

Remaining roots :  3  +  2 i  and  3  -  2 i ∴
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Verify that  z  =  6  -  i  is a root of the polynomial            

P (z)  =  z 
4  

-  10 z 
3   

+  10 z 
2

+  110 z  -  111.

Hence obtain all the roots and factorise  P  into a product 

of real linear and real irreducible quadratic factors.

(6  -  i) 
2

=  35  -  12 i

(6  -  i) 
3

=  (6  -  i) 
2
 (6  -  i)

=  (35  -  12 i) (6  -  i)

=  198  -  107 i

(6  -  i) 
4

=  (6  -  i) 
2
 (6  -  i) 

2

=  (35  -  12 i) 
2

=  1 081  -  840 i

P (6  -  i)  =  (6  -  i) 
4  

-  10 (6  -  i) 
3   

+  10 (6  -  i) 
2

                    +  110 (6  -  i)  -  111

P (6  -  i)  =  1 081  -  840 i -  10 (198  -  107 i) 

                    +  10 (35  -  12 i)  +  110 (6  -  i)  -  111

⇒

P (6  -  i)  =  (1 081  -  1 980  +  350  +  660  -  111) 

+ (- 840  +  1 070  -  120  -  110) i

)

P (6  -  i)  =  0

As  P (6  -  i)  =  0, 6  -  i  is a root of  P
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As  6  -  i  is a root of  P  and  P  has all coefficients real, 

6  +  i  is also a root of  P. So,

(z  -  (6  -  i)) (z  -  (6  +  i))  is a factor of  P.

(z  -  (6  -  i)) (z  -  (6  +  i))

=  ((z  -  6)  +  i)) ((z  -  6)  -  i))

=  (z  -  6)
 2

+  1

=  z
 2

-  12 z  +  37

z
 2

-  12 z  +  37 z 
4  

-  10 z 
3   

+  10 z 
2

+  110 z  -  111

z
 2

+  2 z     -  3

z 
4  

-  12 z 
3   

+  37 z 
2

2 z 
3   

-  27 z 
2

+  110 z  -  111

2 z 
3   

-  24 z 
2

+  74 z

- 3 z 
2   

+  36 z   -  111

As remainder = 0, z
 2

+  2 z  -  3  is also a factor of  P; so, 

P (z)  =  (z
 2

-  12 z  +  37) (z
 2

+  2 z  -  3)

Roots :

P (z)  =  0  ⇒  (z
 2

-  12 z  +  37) (z
 2

+  2 z  -  3)  =  0

z
 2

-  12 z  +  37  =  0

z  =  6  ±  i

z
 2

+  2 z  -  3  =  0

(z +  3) (z -  1)  =  0

z  = - 3,  z =  1

All roots :  6  ±  i, - 3, 1 

P (z)  =  (z
 2

-  12 z  +  37) (z +  3) (z -  1)



003 - Solving Complex Polynomials.notebook

6

October 13, 2017

Oct 2-23:10

Given that  1  +  i  is a root of the polynomial  P  defined by            

P (z)  =  z 
4  

-  8 z 
3   

+  39 z 
2

-  62 z  +  50, find all the 

roots of  P.

Hence find the real factors of P.

As  1  +  i  is a root of  P  and  P  has all coefficients real, 

1 -  i  is also a root of  P. So,

(z  -  (1  +  i)) (z  -  (1  -  i))  is a factor of  P.

(z  -  (1  +  i)) (z  -  (1  -  i))

=  ((z  -  1)  -  i)) ((z  -  1)  +  i))

=  (z  -  1)
 2

+  1

=  z
 2

-  2 z  +  2

z
 2

-  2 z  +  2 z 
4  

-  8 z 
3   

+  39 z 
2

-  62 z  +  50

z
 2

-  6 z   +  25

z 
4  

-  2 z 
3   

+    2 z 
2

- 6 z 
3   

+  37 z 
2

-  62 z  +  50

- 6 z 
3    

+  12 z 
2

-  12 z

25 z 
2   

-  50 z   +  50
25 z 

2   
-  50 z   +  50

As remainder = 0, z
 2

-  6 z  +  25  is also a factor of  P; so, 

P (z)  =  (z
 2

-  2 z  +  2) (z
 2

-  6 z  +  25)

Roots :

P (z)  =  0  ⇒  (z
 2

-  2 z  +  2) (z
 2

-  6 z  +  25)  =  0

z
 2

-  2 z  +  2  =  0

z  =  1  ±  i

All roots :  1  ±  i, 3  ±  4 i

z
 2

-  6 z  +  25  =  0

Use 

Quadratic 

Formula

z  =  3  ±  4 i

Real factors of  P :  z
 2

-  2 z  +  2,  z
 2

-  6 z  +  25

P (z)  =  (z
 2

-  2 z  +  2) (z
 2

-  6 z  +  25)
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