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3/9/17

Unit 1: Integral Calculus - Lesson 3

Integration of Rational Functions

LI

e Integrate rational functions.

SC
e Partial fractions.

e Standard integrals.
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Integrating a rational function involves rewriting
the rational function using partial fractions

The integrated function normally gives answers
involving natural logarithms or inverse tangent
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Example 1

bx + 11
(x + D(x + 3)

Integrate , writing the answer

in the form In|(x + 1)" (x + 3)"| + C, stating
the values of m and n.

bx + 11
Let I = (x + D) (x + 3) dx .

Performing partial fractions gives (check!),

5x + 11 _ 3 N 2
(x + D(x + 3) x + 1 X + 3
I — bx + 11 dx

(x + D(x + 3)

B 3 2
I_J‘x+1dx+fx+3d)<

= I =3In|x +1] + 2In|x + 3| + C

= I=1In|x+ 1> +In|x + 3|°+¢C

> [T =1Inl(x + D3(x + 3)° + ¢
(m = 3,n = 2)

Mar 1-14:16



003 - Integration of Rational Functions.notebook

September 03, 2017

Example 2

x° - 4x + 13
(x + D(x - 2)°

Integrate

Let I =f

Performing partial fractions gives (check !),

x° - 4x + 13

x + Dix - 22

x-4x+18 2 1 |
x + D(x - 2)°

(x - 2)°

3

2
I - x—4x+13de
(x + D(x - 2)
3
I = 2 dx - 1 dx + — 2 dx
x + 1 X - 2 (x - 2)
= I=2|n|x+1|—lnlx—2|—3(x—2)'1+c

Mar 1-14:16



003 - Integration of Rational Functions.notebook

September 03, 2017

Example 3
2
Integrate dX - 2’; 7
(x - D" + 4)
2
let T — Bbx" -2x + 7

dx .

(x - D(x° + 4)

Performing partial fractions gives (check !),

5x° - 2x + 7 _ 2
(x - D(x + 4) x -1

3x + 1

+ 2
X"+ 4

5x2 -2x + 7
> dx
(x - D(x + 4)

dx+f

x°+ 4

3x + 1

2In|x - 1] + (3/2)In|x°+ 4] + (1/2)tan ' (x/2) + C
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AH Maths - MiA (2" Edn.)

e pg. 113-4 Ex. 7.7 Qlc-e, 2c,
d,3c¢c,d 4b,b,6c,e,7a-c,
8 a, b.
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Ex. 7.7

Integrate each function by first resolving it into partial fractions.

13x + 3 1
Gx+ D(x— 1) C - Dx+2)

Integrate each function by first resolving it into partial fractions.

You will have to factorise the denominator first.

. Sx — 2 d x+9
x2—3x+ 2 x2—9
Integrate each function by first resolving it into partial fractions.
X—7x+8
o 2}

1
P TP
Integrate each function by first resolving it into partial fractions.
x
b x>+ 3x2— 4

Find

f 252+ 1 f 5x2+3
a J e+ )2+ b | x2+

[ Jo==
d | xe2+35) e Jx—22+3) ¥

Perform a division, then integrate.

Ix4+5x2+2x+6
g x (x> + 2)

a Expressx? + 2x + 5in the form (x + a)> + b.

2% — 7
¢ ®—2)x-3)

<

<)

3x2+ 5

x-1)2+3) ™

23+ 3x2—3x + 2
222+ x—1

. dx dx
b Find 21 - ¢ Hence find 2+ 2xt5
Integrate these rational functions.
N o5 b 3x + 4
x2+ 6x + 25 x* + 8x + 20
Jul 15-18:31
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Answers to AH Maths (MiA), pg. 113-4, Ex. 7.7
3lnje— 2| —1Inlx —3|+¢
%1n|3x+ | +4Injx—1|+¢
%ln|x— 1|—%ln|x+2|+c
8lnlx—2|—3In|x— 1|+ ¢
2Infx = 3| —In|x + 3| +¢

1

2Infx| =Infx = 2[+ —5 +¢
ln|x—1|—ln|x—2|—;c—%—2—+c

2
éln|x—1|—éln|x+2|—3(x+2)+c

Inle+ 1| + 3 1n |2 + 2| —%tan_l(i) + ¢

2 2
3lnjx| +1Inlx?+ 1| +¢
x

1 ) 1 -1
— 1] +3 +3|+—= =
2Inx — 1] + 5 1n |« + 3| 5 tan (\/§

Tlnlx| —s5ln|x? + 5|+ ¢
Zin|x — 2| — 2 1In |2 + 3| -I-%tan_l(—

1

—3x + 3 .1x2+x+5

(2x— 1) (x + 1)’ 2
In[2x — 1| =2In|x+ 1] + ¢
3>+ 2x+6. 1,
=+ 202 + 2) ;%2 + 3 1n x| + V2
tan_l(%)+c

x+ 12+ 4 b %tan_l(g)-l-c

¥+ 1k

x+—§)+c

21n |22 + 6x + 25| — % tan™! (———

+ &
N

%ln|x2+8x+20|—4tan_1(— )+c

i

)+c

)+c
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