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De Moivre's Theorem states that, 

z  =  r (cos θ  + i sin θ)  ⇒  z
 n

=  r
 n
 (cos n θ  + i sin n θ) (∀ n  ∈ R) 

Short form :  z  =  r cis θ  ⇒ z
 n

=  r
 n
 (cis n θ) (∀ n  ∈ R) 
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Prove de Moivre's Theorem for all natural numbers  n.

P (n) :  [r (cos θ  + i sin θ)]
 n

=  r
 n
 (cos n θ  + i sin n θ) 

We use mathematical induction.

Base Case

LHS  =  [r (cos θ  + i sin θ)]
 1

=  r (cos θ  + i sin θ)

RHS  =  r
 1
 (cos (1 θ)  +  i sin (1 θ))  =  r (cos θ  + i sin θ)

As  LHS  =  RHS, P (1)  is true

Inductive Step

Assume  P (k)  is true for some  k  ∈ N, i.e. assume that :

[r (cos θ  + i sin θ)]
 k

=  r
 k
 (cos k θ  + i sin kθ) 

Inductive 

Hypothesis

RTP statement

[r (cos θ  + i sin θ)]
 k + 1 

=  r
 k + 1

 (cos (k  +  1) θ  + i sin (k  +  1) θ) 

[r (cos θ  + i sin θ)]
 k + 1

=  [r (cos θ  + i sin θ)]
 k
  [r (cos θ  + i sin θ)]

=  [r
 k
 (cos k θ  + i sin kθ)]  [r (cos θ  + i sin θ)]

=  r
 k + 1

 (cos k θ  + i sin kθ) (cos θ  + i sin θ)

=  r
 k + 1

 (cos k θ cos θ  + i cos k θ sin θ  + i sin k θ cos θ      

+ i
 2
 sin kθ sin θ)

=  r
 k + 1

 (cos kθ cos θ  - sin kθ sin θ)      

+  i r
 k + 1

 (sin k θ cos θ  + cos k θ sin θ)

=  r
 k + 1

 (cos (k  +  1) θ)  +  i r
 k + 1

 (sin (k  +  1) θ)

=  r
 k + 1

 (cos (k  +  1) θ)  +  i sin (k  +  1) θ)

Hence, P (k)  true  ⇒  P (k  +  1)  true

'P (1)  true'  and  'P (k)  true  ⇒  P (k  +  1)  true' together 

imply, by the PMI, that  P (n)  is true  ∀ n  ∈ N

=  r
 k + 1

 (cos (kθ  +  θ) ) +  i r
 k + 1

 (sin (kθ  +  θ))
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If  z  =  1  +  i √3 , find  z
 10

  in Cartesian form.

z  =  2 cis (π/3)

∴ z
 10

=  (2 cis (π/3))
 10

⇒ z
 10

=  2
 10

 cis (10π/3)

Writing  z  in polar form gives (check !), 

de Moivre's Theorem

⇒ z
 10

=  2
 10

 cis (- 2π/3)
10π/3 not in range 

so subtract  2π's to 

get it into range  

⇒ z
 10

=  1 024 (cos (- 2π/3)  +  i sin (- 2π/3)) 

⇒ z
 10

=  1 024 ((- 1/2)  +  i (- √3/2)) 

⇒ z
 10

= - 512  -  512 √3  i 



003 - De Moivre's Theorem and Powers.notebook

5

March 07, 2018

Oct 2-23:10

Simplify fully, 

=

(cos 42
o

+  i sin 42
o
)

 2

(cos 7
o

+  i sin 7
o
)

 3
  (cos 10

o
+  i sin 10

o
)

 4

(cis 42
o
)

 2

(cis 7
o
)

 3
  (cis 10

o
)

 4

cis 84
o

(cis 21
o
) (cis 40

o
) 

=
cis 84

o

cis 61
o

=  cis 23
o

=  cos 23
o

+  i sin 23
o
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By expanding  (cos θ  + i sin θ)
 5
  using the Binomial Theorem and 

by using de Moivre's Theorem, express  cos 5θ  in terms of powers 

of  cos θ  only.

(cos θ  + i sin θ)
 5

=  cos 5θ  + i sin 5θ

First make the (unbelievably useful !) abbreviations, 

C  =  cos θ,  S  =  sin θ

De Moivre's Theorem gives, 

The Binomial Theorem gives, 

(cos θ  + i sin θ)
 5

=  C
 5

+  5 C
 4
 (i S)

 1
+  10 C

 3
 (i S)

 2

+  10 C
 2
 (i S)

 3
+  5 C

 1
 (i S)

 4
+  (i S)

 5

(cos θ  + i sin θ) 5
=  C 5

+  5 i C 4 S  -  10 C 3 S 2

-  10 i C 2 S 3
+  5 C S 4

+  i S 5

(cos θ  + i sin θ) 5
=  (C 5

-  10 C 3 S 2
+  5 C S 4) 

+  i (5 C
 4
 S  -  10 C

 2
 S

 3
+  S

 5
)

⇒

⇒

Equating the two expressions for  (cos θ  + i sin θ) 5  gives,

 cos 5 θ  + i sin 5 θ  =  (C
 5

-  10 C
 3
 S

 2
+  5 C S

 4
) 

+  i (5 C 4 S  -  10 C 2 S 3
+  S 5)

Equating real parts gives,

 cos 5θ  = C 5
-  10 C 3 S 2

+  5 C S 4

 cos 5θ  = C
 5

-  10 C
 3
 (1  -  C

 2
)  +  5 C (1  -  C

 2
)

 2

 cos 5θ  = C
 5

-  10 C
 3
 (1  -  C

 2
)  +  5 C (1  -  2 C

 2
+   C

 4
)

 cos 5θ  = C
 5

-  10 C
 3

+  10 C
 5

+  5 C  -  10 C
 3

+   5 C
 5

 cos 5θ  =  16 C
 5

-  20 C
 3

+  5 C

⇒

⇒

⇒

⇒

⇒  cos 5θ  =  16 cos
 5

θ -  20 cos
 3

θ  +  5 cos θ
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