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20/9/17

Unit 1: Differential Equations - Lesson 3

2"-Order Homogeneous Differential Equations

LI

e Solve DEs of the form ay'' + by’ + cy = 0.

e
e Auxiliary Equation.
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A 2"-order (linear, ordinary) homogeneous differential
equation (with constant coefficients) is
a differential equation that can
be written in the form :

2
ady +bﬂ+cy=0

2 dx
dx *

(ay'' + by + cy = 0)
(a,b,c € R)

Solving the above type of differential equation
requires the following steps :

e Form the associated Auxiliary Equation :
am’ + bm + ¢ =0 (m € C)

e Solve the Auxiliary Equation for m; there are 3
possibilities :

Solution(s) for m General solution of Sﬁ(

2 Real, distinct

— A mx + B nx
(m, n) Ye ¢ ¢

1 Real, repeated

.= Ae™ + Bxe™
(m) Y

m=p+ri,m=p-ri

2 Complex conjugates
y, = e (Acosrx + Bsinrx)
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Example 1
Obtain the general solution of,

y' -7y + 10y =0
The Auxiliary Equation is,
m°-7m+ 10 =0

Solving this for m gives,

(m-2)(m-5) =20

= m=2m-=D5

The general solution is thus,

y, = Ae®™ + Be™
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Example 2
Obtain the particular solution of,

y' -7y + 10y =0
with the initial conditions y = -1 and y' = - 11
when x = O.

From Example 1, the general solution is,

2x 5x

y, = Ae” + Be

Differentiating this gives,
y, = 2Ae®™ + 5Be™

The initial conditions respectively give,
-1=A+ B
-11=2A + 5B
Solving these simultaneous equations gives,

A=2B=-3

The required particular solution is thus,

y = 2e™ - 3e™
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Example 3
Obtain the general solution of,

4y" -4y +y =20
Solving the Auxiliary Equation gives,
4m® -4m+1=0

= @2m-1)2m -1 =0

= m = 1/2

y, = Ae? + Bxe?
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Example 4
Obtain the particular solution of,

4y -4y + y =0
satisfying y (0) = 3 and y(2) = e.

From Example 3, the general solution is,

x/2 /2

y,(x) = Ae™ + Bxe”

The first initial condition gives,

3 =A

The second initial condition then gives,

e = Ae + 2Be
= e = 3e + 2Be

= B=-1

The required particular solution is thus,
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Example 5
Obtain the general solution of,

y' -4y + 29y =0
The Auxiliary Equation is,

m° - 4m + 29

I
o

The Quadratic Formula gives,

S-4) = V(47 - 40)(29)

2 (1)
. m - 4 + +/-100
2
N m:4ilOi
2
= m =2t Hi

y = e ™ (A cos 5x + B sin 5x)
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Example 6
Obtain the particular solution of,

y' -4y 4+ 29y =0
satisfying y (0) = 1 and y' (0) = - 2.

From Example 5, the general solution is,

y. () = e® (A cos 5x + B sin5x)

Differentiating this (using the Product Rule) gives,

vy, (X) = 2e” (A cosB5x + B sin5x)
+ e” (-5 Asinbx + 5B cos 5x)

The initial conditions respectively give,

1 = A

-2 =2A + 5B
= B =-4/5

The required particular solution is thus,

y (x) = e*(cos 5x - (4/5) sin bx)
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AH Maths - MiA (2" Edn.)

e pg. 140 Ex. 84 Q1b,h,
2a,d,e.

e pg. 141 Ex.85 Q1f,g, h,
2 a,cC.

e pg. 142 Ex. 8.6 Q1d,f,2aq,d.
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Ex. 8.4
1 Find the general solution in each case.
dy dy d%y dy
b@—63+5y=0 h 3 J+13E+4}1=0

2 Find the particular solution in each case given the initial conditions.

T2 1. T =0whenx=0,y=4and =
D 4o I dd_}'
ddeg+9£+2_y—0w1enx—0,_y—4an E——z
B b = I = = dwhen x = L v =
¢ T2 a—Owwnx—O,_}l—:’)an whenx =3,y =1+ 2e
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Ex. 8.5

1 Find the general solution in each case.

f 16d3y+40dy+2' =0 4 b2 I dzy—O
g TG TS g gz 10, t2»=0 h35=
2 Find the particular solution in each case given the initial conditions.
d?y dy »
a3z + 125 + 36y = 0whenx =0,y =1and whenx =1,y = 3e
d%y dy dy 7
- = 10— + Ay = . _ _ ~ _f
C 9dx2 lde 4y = 0 whenx =0,y 2anddx 3
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Ex. 8.6

1 Find the general solution in each case.

1d2'y+6dy+13 =0 3 9 Y
d T5+6_+13y= 45 +4—+ 10 =0

2 Find the particular solution in each case given the initial conditions.

© ] - '6 ] ]. v ] ]v
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1

1

b
h

f
g
h

a

d

Answers to AH Maths (MiA), pg. 140, Ex. 8.4
2

:}; = AGSX — Bex a J} — 293.?6 + Zezx
‘:}? — AL’_% + Be"4"‘ d y = 20_% 4 20_—71

e y=2e"+1

Answers to AH Maths (MiA), pg. 141, Ex. 8.5

2
_s _se P iy
y=Ae + + Bxe s a y=e %+ 2xe ™
: 2 x
y = Ae> + Bxe™* c y=2e + xe’

y=Ax+2B

Answers to AH Maths (MiA), pg. 142, Ex. 8.6

y = e~ ¥(A cos 2x + B sin 2x)

y = e 9%(A cos Sx + Bsin 5x)

y = e*2 cosx + 3 sin x)

Y= 0§(3 cos 3x + 5 sin 3x)
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