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The Fundamental Theorem of Arithmetic (FTA) states 

that every integer can be written as a product of 

prime powers in exactly one way

For example, 

9  =  3
 2

488  =  2
 3
x  61



002 - The Fundamental Theorem of Arithmetic and Number Bases.notebook

3

February 28, 2018

Oct 2-23:10

Prove that  √2  is irrational using the FTA.

⇒ m1

 2
 m2

 2
 . . . ms

 2
=  2 n1

 2
 n2

 2
 . . . nt

 2

Assume that  √2   is rational. Then  ∃ a, b  ∈ Z  (b  ≠  0) such 

that,  

a
 2
=  2 b

 2

√2 =
a

b

where it can be assumed that  a  and  b  have no common factors; 

if they did, they can be cancelled out. Then,   

By the FTA, a  and  b  can be written uniquely as a product of 

primes. So, 

(m1 m2 . . . ms)
 2
=  2 (n1 n2 . . . nt)

 2

By contradiction, √2  is irrational

The LHS of the previous equation has  2 s  factors, but the RHS 

has  2 t  +  1  factors. This cannot happen if the two sides are 

equal.
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Any number  A  can be written as uniquely as base  n  as,

A  =          rk - i n
k - i
= (rk rk - i . . . r2 r1 r0) nΣ

r = 0     

n     

by dividing  A  (and all subsequent quotients) by  n  and 

obtaining the remainders until a  0  remainder is left. 

The number  A  is often written as,

A  =  rk n
k
+ rk - 1 n

k - 1
+ . . . + r2 n

2
+ r1 n

1
+ r0 n

0

6 402  =  6 . 10
 3   
+ 4 . 10

 2  
+ 0 . 10

 1  
+ 2 . 10

 0

For example, 6 402  can be written in base  10  as,

37  =  1 . 2
 5   
+ 0 . 2

 4  
+ 0 . 2

 3  
+ 1 . 2

 2  
+ 0 . 2

 1  
+ 1 . 2

 0

For example, 37 can be written in base  2  as,

= (6402) 10

= (100101) 2

Sometimes the brackets are omitted
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Write  (2031) 5  in base  10.

(2031) 5 =  2 . 5
 3   
+ 0 . 5

 2  
+ 3 . 5

 1  
+ 1 . 5

 0

(2031) 5 =  2 . 125 + 0 + 15 + 1⇒

(2031) 5 =  (266) 10⇒
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Change  (8469) 10  to base  7.

(8469) 10 =  (33456) 7∴

8 469  ÷  7  =  1 209  remainder  6  (=  r0).

1 209  ÷  7  =  172  remainder  5  (=  r1).

172  ÷  7  =  24  remainder  4  (=  r2).

24  ÷  7  =  3  remainder  3  (=  r3).

3  ÷  7  =  0  remainder  3  (=  r4).
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For number bases bigger than  10, we need to invent new symbols 

for the bigger numbers. For example, in base  13, A is  10, B is  

11, C is  12  etc.. Other letters may be used for these.

To convert from one non-base ten number to another non-base 

ten number, we go through base  10.
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Change  (8A69) 12  to base  5  (A  =  10).

(8A69) 12 =  (442340) 5∴

15 345  ÷  5  =  3 069  remainder  0  (=  r0).

3 069  ÷  5  =  613  remainder  4  (=  r1).

613  ÷  5  =  122  remainder  3  (=  r2).

122  ÷  5  =  24  remainder  2  (=  r3).

24  ÷  5  =  4  remainder  4  (=  r4).

(8A69) 12 =  8 . 12
 3   
+ 10 . 12

 2  
+ 6 . 12

 1  
+ 9 . 12

 0

(8A69) 12 =  13 824 + 1 440 + 72 + 9⇒

(8A69) 12 =  (15345) 10⇒

First convert to base  10.

Now convert this to base  5. 

4  ÷  5  =  0  remainder  4  (=  r5).
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