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Pascal's Triangle and Binomial Coefficients

Pascal's Triangle is the following arrangement of numbers :

1

1    1

1    2    1

1    3    3    1

1    4    6    4    1

1   5   10   10   5   1
    .
    .
    .

Row  n  =  0

Row  n  =  1

Row  n  =  2

Row  n  =  3

Row  n  =  4

Row  n  =  5

Column  r  =  0

Column  r  =  1

Column  r  =  2

Column  r  =  3

Column  r  =  4

Column  r  =  5

The binomial coefficient  
n 
C r  is the number in Pascal's Triangle 

that is located in row  n  and column  r.

The construction of Pascal's Triangle explains the identity          
n 
C r +

n 
C r - 1 =

n + 1 
C r  ; the number in row  n  +  1  and column  

r  is obtained by adding the numbers in row  n  and columns  r  

and  r  -  1.
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A binomial is an expression involving two terms

The Binomial Theorem is a quick way 

of taking powers of a binomial :

(x  +  y) 
n
=

n 
C r  x

 n - r
 y

 r
=

n 
C r  x

 r
 y

 n - r

Ʃ
r = 0

n

The General Term (GT) in the 

above Binomial Theorem is :

GT =
n 
C r  x

 n - r
 y

 r
=

n 
C r  x

 r
 y

 n - r

Ʃ
r = 0

n
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Expand  (a  +  b) 
5
  using the Binomial Theorem.

(a  +  b) 
5
=

5 
C r  a

 5 - r
 b

 r

Ʃ
r = 0

5

∴ (a  +  b) 
5
=

5 
C 0  a

 5
 b

 0
+

5 
C 1  a

 4
 b

 1
+

5 
C 2  a

 3
 b

 2

+
5 
C 3  a

 2
 b

 3
+

5 
C 4  a

 1
 b

 4
+

5 
C 5  a

 0
 b

 5

Using Pascal's Triangle for  n  =  5  allows us to evaluate the 

binomial coefficients. Hence,  

(a  +  b) 
5
=  a

 5
+  5 a

 4
 b  +  10 a

 3
 b

 2
+  10 a

 2
 b

 3
+  5 a b

 4
+  b

 5
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Find the binomial expansion of  (2  -  3 p) 
4
.

(2  -  3 p) 
4
=

4 
C r  2

 4 - r
 (- 3 p)

 r

Ʃ
r = 0

4

∴ (2  -  3 p) 
4
=

4 
C 0  2

 4
 (- 3 p)

 0
+

4 
C 1  2

 3
 (- 3 p)

 1

+
4 
C 2  2

 2
 (- 3 p)

 2
+

4 
C 3  2

 1
 (- 3 p)

 3

(2  -  3 p) 
4
=   1 . 16 . 1  +  4 . 8 . (- 3 p)  +  6 . 4 . 9 p

 2

+
4 
C 4  2

 0
 (- 3 p)

 4

⇒

+  4 . 2 . (- 27 p
 3
)   +  1 . 1 . 81 p

 4

(2  -  3 p) 
4
=   16  -  96 p  +  216 p

 2
-  216 p

 3
+  81 p

 4
⇒
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Write down and simplify the general term of                           .

=
16 

C r     x 
2

Ʃ
r = 0

16

∴

⇒

(       )x 
2
-

x     
3     

16

(       )x 
2
-

x     
3     

16

x     
3     (    )  (   )

16 - r r

       GT  =
16 

C r     x 
2 (   )

16 - r

       GT  =
16 

C r  . x 
32 - 2 r

 . (- 3)
 r 

. x
 - r

       GT  =
16 

C r  (- 1)
 r 

3
 r
 x 

32 - 3 r

Hence obtain the coefficient of  x 
23

.

The coefficient of  x 
23

  is obtained when,

       32  -  3 r  =  23

⇒        3 r  =  9  

⇒        r  =  3  

       Coefficient of  x 
23
=

16 
C 3 . (- 1)

 3 
3

 3

Hence, 

⇒       Coefficient of  x 
23
= - 15 120 

-

x     
3     (    ) 

r

-
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Find the term independent of  x  in                               .

=
6 
C r     2 x 

2

Ʃ
r = 0

6

∴

⇒

(         )2 x 
2
+

3 x     
1     

6

(   )  (     )
6 - r r

       GT  =
6 
C r      2 x 

2(     )
6 - r

       GT  =
6 
C r  . 2

 6 - r
 x 

12 - 2 r
 . 3

 - r 
. x

 - r

       GT  =
6 
C r  2

 6 - r
 3

 - r
 x 

12 - 3 r

The term independent of  x  occurs when,

       12  -  3 r  =  0

⇒        3 r  =  12 

⇒        r  =  4  

       Term independent of  x  =
6 
C 4  2

 6 - 4
 3

 - 4

Hence, 

⇒       Term independent of  x  =

(         )2 x 
2
+

3 x     
1     

6

3 x     
1     

(   ) 
r

3 x     
1     

       20

       27
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Find the coefficient of  x
 5
  in  (1  +  x) 

4
 (1  -  2 x) 

3
.

We require  r  +  p  =  5; the possibilities for  r  and  p  are thus :

=  6 . 1 . (- 8) +  4 . 3 . 4  +  1 . 3 . (- 2) 

The general term of  (1  +  x) 
4
  is  

4 
C r  x

 r
 ; the general term of  

(1  -  2 x) 
3
  is  

3 
C p  (- 2 x)

 p
.

The general term of  (1  +  x) 
4
 (1  -  2 x) 

3
  is thus,

4 
C r  x

 r
 . 

3 
C p  (- 2 x)

 p

=
4 
C r  (- 2)

 p
 x

 r 3 
C p x

 p

=
4 
C r  

3 
C p (- 2)

 p
 x

 r + p 

r  =  2, p  =  3 

r  =  3, p  =  2 

r  =  4, p  =  1 

Hence, the coefficient of  x 
5
  is,

4 
C 2  

3 
C 3 (- 2)

 3
+

4 
C 3  

3 
C 2 (- 2)

 2
+

4 
C 4  

3 
C 1 (- 2)

 1

= - 6
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By considering the expansion of  (1  -  x) 
4
, find  (0 . 98) 

4
.

(1  -  x) 
4
=

4 
C r  1

 4 - r
 (- x)

 r

Ʃ
r = 0

4

∴ (1  -  x) 
4
=

4 
C 0  (- x)

 0
+

4 
C 1  (- x)

 1
+

4 
C 2  (- x)

 2

+
4 
C 3  (- x)

 3
+

4 
C 4  (- x)

 4

(1  -  x) 
4
=  1  -  4 x  +  6 x

 2
-  4 x

 3
+  x

 4

Taking  x  =  0 . 02, 

(0 . 98) 
4
=  1  -  4 (0 . 02)  +  6 (0 . 02)

 2
-  4 (0 . 02)

 3

⇒ (0 . 98) 
4
=  1  -  0 . 08  +  0 . 002 4  -  0 . 000 032  

⇒ (0 . 98) 
4
=  0 . 922 368 16

+  (0 . 02)
 4

+  0 . 000 000 1 6
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