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14/6/17

Unit 1: Differential Calculus - Lesson 2

Product and Quotient Rules

LI

e Know and use the Product and Quotient Rules to differentiate.

e
e Derivatives from Higher Maths.
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Different Notations for the Derivative
If y = f(x):
e Lagrange Notation
y ' (x) 'y dash(ed) of x' or 'y prime of x'
f(x)
y' 'y dash(ed)' or 'y prime’
f 1
e Leibniz Notation
d . .
Ey(x) d by dx of y of x
d . . .
dx ) Notational warning :
dy . :
dy ‘dy by dx’ o s not a fraction
dx
df
dx
e Euler Notation
Dy (x) 'big D of y of x'
Df (x) Notational warning :
Dy 'big D of y’ Dy does not mean
Df D timesy
e Newton's Notation (normally for time derivatives)
y (1) means :—Z 'y dot of t'
f (1)
y 'y dot'
f
We mainly use Lagrange (dash) and Leibniz (d by dx) notation.
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Product Rule

Used to differentiate functions that are multiplied fogether.
d _

ax F9 = g9+ T g

D(fg) = Df.g + f.Dg

(fg)' =f'g+ fg’

Jun 11-15:19
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Example 1

Differentiate y = (2x + 3)4(3x - 7)5, fully
simplifying your answer-.

f(x) = 2x + 3)4 , g(xX)=@Bx-7)°

f'x) =8@x + 3)3 , g' ()

153x - 7)*

y = f(x)g(x)
Ly =)+ f(X)g' (x)
= y' ' =8@x+ 33 @Bx-7)°+ @2x+ 3)*.15@8x-7)*
> y'=@x +3)3@x-7N*BBx-7) +152x + 3))

= y' =@x + 3)3@Bx - 7)4 (24x - 56 + 30x + 45)

> y' = (B4x - 1)@2x + 3)3(3x - 7)*

Mar 1-14:16
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Example 2

Find the gradient of the tangent to y = sin x cos 2x
at the point x = m/3.

f(x) = sihnx , g(x) = cos2x

f'(x) =cosx , g'(x)=-2sin2x

y(x) = f(x)g(x)
y () =f (x)g(x) + f(x)g' (X
>  y'(X) = cosx.cos2x + sinx. (-2 sin 2x)
= y'(x) = cosxcos?2x - 2 sinx sin2x
y ' (m/3) = cos (n/3) cos (2n/3) - 2 sin (n/3) sin (21/3)
> y'(m/3) = (1/2) (- 1/2) - 2(/3/2) (/3/2)

> y' (m/3) = -1/4 - 6/4

=> |y (m/3) = -7/4

Mar 1-14:16
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Quotient Rule
Used to differentiate functions that are divided together.
df o f 99
d (f/g) = dx ¢ f dx
dx 9) = g2
Df .g - f.D
D (f/g) = 2
g9
f'g-fg'
(f/g) " = g 2 g
)
Jun 11-15:19
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Example 3
Differentiate y = si>r<1t< , fully simplifying your answer.
f(x) = x4 ., g(x) = sinx
f'(x) =4x3 , g'(x) = cosx
)
g (x)
v o= fFrx)g(x) - f(x)g' (x)
(9 (x))?
. 4x3.sinx - x*. cos x
= y =
(sin x)?2
: x3(4sinx - x cos x)
= y =
sin? x
Mar 1-14:16
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Example 4
Show that y = X only has a horizontal tangent
x2 + 3
at x = 0.
f(x) = x3 , g(x) =x2+ 3
f'x)=3x2 , g'(x) =2x
X
g (x)
. frxg(x) - fx)g (X
(g9 (x))?
, 3x2(x2 + 3) - x3(2x%)
= y frd
(x2 + 3)2
. 3x* + 9x2 - 2x*
= y =
(x2 + 3)°
N y' = x4 + 9x?
(x2 + 3)2
- y' - x?(x?2+ 9)
(x2 + 3)2
Horizontal tangent means y ' = 0. So,
2 2
x2(x2+ 9) _ 0
(x2 + 3)°
= x?(x2+ 9) =0
= x=20
Mar 1-14:16
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AH Maths - MiA (2" Edn.)

epg. 51 Ex. 45 All Q.
e pg. 52-3 Ex. 4.6 All Q.
e pg. 53-4 Ex. 47 All Q.
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Ex. 45

Find the derivative of each of these.

a

[¢]

N
»

b

x3sin x

(3 — x)* (x + 2)?

b {1 1)’ cos%
f x%(x+4)

c (2% + 3 cos 3%
g (x+1)2(x— 1)

d x+1)*(x— 1)
h (x+2)1(x—1)"!

Iff(x) = x3(x + 1)% find f'(1).
Iff(x) = (x = 1)?sin.x, find f' ().

3 Differentiate each of these.
a (2x+ 1)*cosx
e (x*+ x)sin 2x
i x*(x? + 3x)

a (1-—5x)°(1+ 5x)?
¢ x(x + 1)3sin 2x

S Findf ’(%) given that

b sin 2x cos 3x
f (% — 1)(x*—1)

j sinxcosx

4  Find the derivative of each of these.

b sin 3x cos Sx
d (x+ 1) (2x + 1)

2

a f(x) =xcos"x

a f(x) = (cos x sin x)?

¢ x*sin 3x
g sin 2x sin 3x
k sin (2x + 1) sin (3x + 2)

b f(x) = x cos x*

b f(x) = cosxsin’x

6 Findf’(%) given that

If f(x) = (3x + 5)(2x* + 3x + 1) find f'(0).

x+1
floy =221
a By considering the function as f(x) = (x + 1)(x — 1)7L, find f"(x).
. . < a1 = & — 2% i
b Differentiate i 2 — 1 v il o5y

In 1630 Pierre De Fermat studied a curve called “The Witch of Agnesr’.

Its equation is of the form x? y = 44%(2a — y) where a is a constant.

a In this examplea = 1. Show thaty = 244

b Find the gradient of the tangent to the curve at the point (2, 1).

d (2x + 1)%(3x — 1)*
h x(x? + 3x)

2 2

1 sin®xcos”x

Jun 19-11:45
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Ex. 4.6

1 Differentiate these.

3 -
L COS X l=—m Sin x
b —— ——— d

. c
2x + 1 sin x 1+ x2 x

a

2 Find the derivative of
% VY L Xt2 X+ 1 3x + 4

e
Sin X vx + S Sin x 2x X

3 Use the quotient rule to differentiate

1 b 1 . sin x sin x
sSin X CoS X cos? x cos 2x

%= , . x? ’
24 2 find £'(0). b Iff(x) = — find f'(2).

a

[EeTRE)

a

4 a Iff(x)=
22 +3x— 6
x— 2 ’

4
(x—3)x+1)
b 1 Expressy in partial fractions.

B Solve ") = 0 wherey =
ovea—ﬂu erey =

., dy _
6 a Find ¢ Wherey =

R ddy
11 OWwW I1n d.x

¢ Compare the methods.

7 The graph shows y = Sn _|1_ o5 —0S5=x=<2.

“o:50 T ols | 1]|111s] 12 1%

d
2 Pind =
dx J _
b Show that—. — SILX — €OSX
o dx 1+sin2x °
¢ Find the gradient of the curve

Jun 19-11:45
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Ex. 4.7

1 Find the derivative of each of these.

x+1 1 - 2 3(
a i3 bsian ¢ sin? 3x d {x=+ D=+ 1)

If y = sin (si fi dd—y
y = sin (sin x), fin e

3 Find f'(x) when f(x) = (x + 1)? cos 2x.

dy 1
—_ cosx L
4 cosx + sinx’ Sy dx 1 + sin 2x

(2x + 3)3
2 +3x—1

and hence find the gradient of the tangent atx = %
S Differentiate

6 The diagram shows a classic curve, the serpentine curve, whose equation is

x?y = ax — a*y where a is a constant.

e
jé
:
a Make y the subject of the equation.
dy a(a® — )
b Show that & @)

¢ The diagram shows the case where a = 1.
What is the gradient at x = 0 in this case?

d Let my, m,, m; be the gradients of the tangents atx = %, x =aandx = 2a
respectively. Show that m, + m, + 4m; = 0.

Jun 19-11:45
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Answers to AH Maths (MiA), pg. 51, Ex. 4.5

1 a 3x’sinx +x°cosx 5 a %—%
b 2(x+1)cosx — (x +1)’sinx L cos(I;] _ %jsin | 0. 102 047
¢ 4(2x + 3) cos 3x — 3(2x + 3)? sin 3x '_1 ! _
d 4 +1) (x —1) + 3(x +1)* (x — 1) 6 a _% b _%
e —4B3—xP(x+2)7+2B83 -2 (x+2) 7 15
f —2x(x+ 4P +3x2(x+4) o 2
g —2+ 1) (x—12+2x+1)2(x—1) T T 1)
E —EL 3% E— 01— &-ZE— 1 .3 ;1
bl o1y YTt Ay
2 a 16 b w—2 ;5
. o 11 1 + tan‘x
3 a 42x+1)cosx—(2x+ 1)*sinx B n oA o e e Ty —
b 2 cos 2x cos 3x — 3 sin 2x sin 3x 1

¢ 4x?sin 3x + 3x* cos 3x

d 4%+ 1)(3x — 1)* + 12(2x + 1)2(3x — 1)
e (2x + 1)sin 2x + 2(x? + x) cos 2x

£ 200 — 1)+ 3(% — 1

g 2 cos 2xsin 3x + 3 sin 2x cos 3x

h (x?+ 3x)? + 3x(2x + 3) (x* + 3x)?

i 4302 + 3x) + 2 (2x + 3)

j cos’x — sin’x = cos 2x

k 2 cos(2x + 1)sin(3x + 2)+ 3 sin(2x + 1) cos(3x + 2)

3x — 2sinxcosx

I  2sinxcos
4 a —15(1 — 5x)2 (1 + 5x)2 + 10(1 — 5x)3 (1 + 5x)

b 3 cos 3x cos S5x — 5 sin 3x sin Sx

¢ (x+ 1)*(4x + 1) sin 2x + 2x(x + 1) cos 2x

d —202=1 1) {x+ 1)+ 42+ L}z 1+ I

Jun 1-11:51
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Answers to AH Maths (MiA), pg. 52-3, Ex. 4.6
1 i + B b —_1
T (2x+1)? sin? x
2 —2x— 1 1 X COS X — sin x
(1 + 22 ’ P
. 2x sin x — x% cos x x + 10
2 : = b — 3
simn- x (x it 5)?
25inx—(x+2)cosx1 —x—2
c 3 C A
2(sin x)2 42 Vx + 1
1
—3x2 (x 1 4)
¢ 2.0
3 4 _Cosx b sin x
’ sin? x cos?x
1+ sin®x q Cos 2x cosx + 2 sin x sin 2x
3 ¢ 2
cos’ x cos- 2x
& & % b 2
5 x=0,4
p 8(x—1)
(c — 3% (x + 1)2
. 1 1 . 1 1
b iymx+1 U GlaptEriy
¢ The partial fractions method involves more working
but simpler derivatives.
- SINX — COS X
' (sin x + cos x)?
b SIN X — COS X _ SINX — COSX
sin® + cos® x + 2 sin x cos x 1 + sin 2x
c 1—1 i 1
Jun 1-11:51
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Answers to AH Maths (MiA), pg. 53-4, Ex. 4.7

3 —sz —qxz p — 2cos2x
(x* + 3)* sin? 2x

¢ 65sin 3x cos 3x = 3 sin 6x

d 3(x+ 103 + 1) + 3x%(x + 1)}

cos x cos (sin x)

2(x + 1) cos 2x — 2(x + 1)?sin 2x

— (cos x + sin x) sin x — cos x (—sin x + cos x)

(cos x + sin x)?
_ —cosxsinx — sin’x + cosxsinx — cos’x
cos’x + sin?x + 2 sin x cos x
&y 1

delx=% 2

6(x2 + 3x — 1) (2x + 3)2 — (2x + 3)*
(o + 3x — 1)2

“ = ax

e A R

(x*+af)a—ax2x alx*+a
{xZ‘. + 42)2 (x:‘. + “2)

2 -2 x'l)
5— hence result.

b

c 1

d m = 21—;, my = 0;my = —% hence result.

Jun 1-11:51
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