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28 /11/17
Unit 2 : Proof by Mathematical Induction - Lesson 2
Mathematical Induction 2
(Divisibility)
LI

e Use Proof by Mathematical Induction to solve problems
involving divisibility.

SC

o Algebra.
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Proof by Mathematical Induction

The Principle of Mathematical Induction (PMI) states
that, to prove a statement (P (n)) about an infinite set
of natural numbers :

e Prove the Base Case : P (n,) is true.

e Prove the Inductive Step:
P (k) true = P(k + 1) true.

Then P (n) istrue Vn = n,.

Usually, n, = 1; then we would state the conclusion as

'‘P(n) istrue Yn € N'.
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Divisibility

If a natural number A is divisible by a natural number B, this
is written B| A (‘B divides A' or 'A is divisible by B").
Then there exists a natural number w such that A = Bw.
So,for A,B € N,

B| A isequivalent to 3w € N suchthat A = Bw.

Nov 26-11:16
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Example 1
Prove by induction that 7" - 1 is divisibleby 6 Vn € N.

Proving that 7" - 1 is divisible by 6 is equivalent to proving that
Jw € N suchthat 7" - 1 = 6w.

P(n): 7" -1 = 6w (for some w € N)

Base Case

As 7' -1 =6 = 6.1,P(1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

k Inductive
7 -1=26r (forsome r € N) ~— Hypothesis
RTP statement
77 -1 = 6u (for some u € N)
71 =77 -1
> 7' 1=(r+1.7-1
> 7T 1=6.7r+7 -1
> 7'-1=6.7r + 6
= 7T 1=6@Fr+1

= 7P -1 = 6u

Asre Nu=7r +1€N,

Hence, P (k) true = P(k + 1) true

‘P (1) true' and 'P (k) true = P (k + 1) true' together
imply, by the PMI, that P (n) istrue Vn € N

Oct 2-23:10
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Example 2
Prove by induction that 8" - 3" is divisibleby 5 ¥ n € N.

Pn): 8" - 3" = 5w (for some w € N)

Base Case

As 8' - 3' =5 =5 1,P() is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

k k Inductive
8 -3 =5r (forsome r € N) — Hypothesis
RTP statement
8*"t - 3" = By (for some u € N)

8k+1 _ 3k+1 - 8k8 _ 3k+1
= 81 -31=(5r + 3.8 - 3"
> gt _ 3T -5 gp + 8.3 3!
> 8''_3!'_-5 8pr + 8.3%- 3. 3"
> gt _3'_-5 8pr + 5. 3"

= 8k+1 _ 3k+1 — 5(8|" + 3k)
- 8k+1 _ 3k+1 - By

Asr,keN,u=8r+3keN.

Hence, P (k) true = P(k + 1) true

'‘P (1) true' and 'P (k) true = P(k + 1) true' together
imply, by the PMI, that P (n) is frue Vvn € N

Oct 2-23:10
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Example 3

3n+2

Prove by induction that 2

+ 5n+1

P(n): 2°""% + 5" = 3w (for some w € N)

Base Case

is divisibleby 3 Vn € N.

As 2°7% 4+ 5171 = 32 4+ 25 = 57 = 3.19,P (1) is true

Inductive Step

Assume P (k) is true for some k € N, i.e. assume that :

3k+2 k+1 I i
23%*% 4 51 = 31 (forsome r € N) -— [nduchie
Hypothesis
RTP statement
3k+1)+2 k+2
23k=D*r2 L 5K*2 _ 34 (for some u € N)
23(k+1)+2 + 5k+2 _ 23k+3+2 + 5k+2
N 23(k+1)+2 + 5k+2 - (3|" _ 5k+1).8 + 5k+2
= 23(k+l)+2 + 5k+2 — 3_8r‘ _ 8_5k+1 + 5.5k+1
N 23(k+1)+2 + 5k+2 _ 38r' _ 3.5k+1
- 23(k+1)+2 + 5k+2 _ 3(8|" _ 5k+1)
- 23(k+1)+2 + 5k+2 _ 3U
k+1

Asr.k € Nu=8r-5""

€ N(as 3r > 5" 7).

Hence, P (k) true = P(k + 1) true

'‘P (1) true' and 'P (k) true = P(k + 1) true' together
imply, by the PMI, that P (n) is frue Vvn € N

Oct 2-23:10
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Questions (and 'Answers' |)

Prove by mathematical induction that v n € N:

1) 5°" - 1 is divisible by 24.

2) n° + 5n + 6 isdivisible by 3.
3) 4°" + 8 isdivisible by 9.

4) 4"*' 4+ 52! is divisible by 21.
5) 52" - 4%" is divisible by 9.

6) 7°" + 16n - 1 isdivisible by 64.

Nov 24-00:35



