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29/8/17

Unit 1: Integral Calculus - Lesson 2

Integration by Substitution
LI

e Integrate using a change of variable.

SC
e Substitution technique.

Jan 10-12:11
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Differentials

A differential is a small change in the values of a
function y = f (x), specified by,

Differentials

. dy . d ~
f'(x) = — = dy = f'(x) dx
dx

Warning for future maths study :

d

d—y is hot to be viewed as a fraction
X

Examples
ey =x3 = dy = 3x2dx

e U =cosX = du = -sinx dx

Aug 24-18:30
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Integration by Substitution is an integration
technique that involves using a new letter
(aka substitution variable) to simplify an integral

Differentials are used to ultimately change
the integral into a standard integral

If part of the integrand is the derivative of another
part of the integrand, then integration by
substitution is the strategy to opt for

For some integrals, the substitution is obvious; for more
difficult integrals, the substitution is given and some
rearranging of the integrand may be necessary
before a standard integral is revealed

For definite integrals, the integration limits must be
changed from the original variable (normally x)
to the substitution variable (normally u)

Aug 24-18:37
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Example 1
Integrate y = 4 x3(x* + 7)6.

Let I =J'4x3(x4 + 7)¢ dx.

Notice that 4 x3 is the derivative of x* + 7.

We thus let our new integration variable (u) be
equal to x* + 7.

u=x4+17

= du = 4 x3dx

I = f4x3(x4 + 7)¢ dx

I=fu6du

u’ + C

1
=
1
7

(x4 + 7)" + C

Mar 1-14:16
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Example 2
Integrate y = (6x2 + 8x + 18)e

(x3 + 2x2 + 9%)

(x3 + 2x2 + 9x) dX

Let I =f(€>x2 + 8x + 18)e
u

= X3+ 2x%2 4+ 9x
= du = (3x2 + 4x + 9)dx
= 2du = (6x2 + 8x + 18) dx

I =Jﬂ(6x2 + 8 x + 18)e(x3+2x2+9x) dx

I=2fe“du

= I =2ev+ C

N I = 2e(x3+2x2+9x)

+ C

Mar 1-14:16
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Example 3
Integrate y = cosec? (3x) et (%),

Let I = f cosec? (3x) ecot(3) dx .

u = cot (3x)
= du = - 3 cosec? (3x) dx

% du = cosec? (3x) dx

= —

—
I

f cosec? (3x) et (3x) dx

__ 1 '
I = 3fe du

1

= I = —?e“ + C
- I — _iecot(3x)_|_ C
3

Mar 1-14:16
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Example 4
2
Integrate y = Sec )SIn X)
Let T =IS“2('“X) dx .
X
u = lnx
_ 1
=> du = ™ dx

I — f sec?(In x) dx

X

I = fseczu du

= I = tanu + C

= |I = tan(lInx) + C

Mar 1-14:16
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Example 5
Use the substitution x = 4 sinu to evaluate the
integral,

fx/lé - x2 dx.
Let I =f\/16 - x2 dx.

X = 4sinu

= dx = 4cosu du

I =fx/16—x2 dx

I = f\/lé - (4sinu)2 .4 cosu du

> I = f\/lé - 16 sin?u .4 cosu du

= I:f\/lé(l—sinzu).4cosu du
= I:f4cosu.4cosu du

= I = 16choszu du

Mar 1-14:16
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The trigonometric identity cos2u = 2cos?2u - 1
can be rearranged to solve for cos 2 u giving,

I =16 f (1/2) (1 + cos 2u) du

= I =8f(1 + cos 2u) du
= I =8u + 4sin2u + C

= I =8u+ 4(2sinucosu) + C

Using x = 4 sinu, we have, using the identity
sin?u + cos?u = 1,cosu = (1/4) \/16 - X2,
Hence,

x\/16 - X2

+ C
2

I = 8sin-!1(x/4) +

Jul 21-23:02
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Two Useful Integrals

Differentiating sin-!(x/a) gives (a is constant),

1
d . &
— sin"!(x/a) =
dx V1 - (x/a)?
1
T
? 02 — XZ
_ 1
\/02 _ X2
Hence,

f \/ 1 dx = sin-1(x/a) + C
02 _ XZ

It can similarly be shown that,

f L dx = % tan -1 (x/a) + C

a? + x?

The above two integrals can also be obtained by making
the substitution x = au.

Jul 19-21:31
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Example 6
1

\/1 - 4 x?2
L‘rI—Jv 1 d
© - V1 - 4x? X

1
I:f\/1—4x2 ax
I — 1 d
) A - xy &
_ 1 1 y
> =5 V (1/2)7 - x? X

= I = % sin-1(x/(1/2)) + C

S |1 = %sin'l(ZX) rC

Integrate

This integral can also be obtained by making the
substitution x = (1/4) .

Mar 1-14:16
11
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Example 7

1 .
1 + 9 x2

Le‘rI—Jv 1+9x2 dx .

sz +9><2 ax

I
I ‘f 9 (1/9 1 x3 X

Integrate

_ 1 L
N I_9f(1/3)2+x2 >

- T = % (1/(1/3)) tan -t (x/(1/3)) + C

= |I = %Tan'1(3x) + C

This integral can also be obtained by making the
substitution x = (1/3) .

Mar 1-14:16
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Example 8

2
Show Tha’rf 2xe” dx = e(ed - 1)

1

2
Let T =f 2xe” dx.

1

u = x?2

= du = 2 x dx

Mar 1-14:16
13
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Example 9
Expr ssf2 2x + 3
e
P X2 + 3 x

1

values of a and b.

dx in the form In (a/b),

where the fraction is fully simplified, stating the

2
2x + 3
Let I =
f X2 + 3 X

dx

u = x2

x =1 =y =

= du = (2x + 3)dx

=224+ 32) = u=10

+ 3 x

12+ 3(1) = u=4

c|—
o
c

10
- |

4
> I = [|n|u|]10
4

= I =1In|10] - In
= I = In(10/4)

4]

= |I =1In(5/2);a =5, b =2

Mar 1-14:16
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Example 10
3
Find the value of f L dx to three
1 X2 +2x + 5
significant figures.
3 1
Let I =f dx .
1 X2 +2x + 5
n3
I = 1 dx
J X2 +2x + 5
M 3 1
I = d
J (x+ 12+ 4 X
1
> I = B L dx
) (x+ 12422
1
u=x+1
= du = dx
x=1=>u=1+1=u-=2
Xx=3=>u=3+1=>u=4
M 3
I - 1
o (x + 1)2 + 2°
1
N 4 1
= — d
. J u?+ 2¢ u
2
4
> I = [(1/2)Tan‘1(u/2)]
2
> I = (1/2)tan-1(4/2) - (1/2) tan-1(2/2)
= I = (1/2)tan"1(2) - n/8
> I =0.1608...
I =0.161 (3s.f)

September 07, 2017

Mar 1-14:16
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Example 11
Use the substitution u = 2 + /x to show that,
m4
_ VX 4 - 8In2 - 4
J 2 +/x
n4
NE3
Let T = — = dx.
J 2 +J/x
u=2++x
1
> du = dx
2%
> du = L
2(u - 2)
> 2(u - 2) du = dx
x=0=>u=2+J0 =>u 2
x=4=>u=2++V/4 > u=4
ro [f x4
J 2 +/x
n 4 _ 2
I = (”u—).Z(u—Z)du
“2
o1 [fwr-4u+ 4 g
u
Y 2
n4
> I =2 (u-4+ 4u-Y) du
02
4
> I=2[Mt/2uz-4u+ 4Inul]
2
> I =2(8 -1 + 4Inl4))
-2(2 -8+ 41In|2])
> I =-16 + 8In4 + 12 - 8In2
= I =28In4/2) - 4
= [T =8Iln2 - 4
Mar 1-14:16

September 07, 2017
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AH Maths - MiA (2" Edn.)

e pg. 103 Ex. 72 Qla-e,g-t,
v,w,2,3a,b,4a,b(i).

e pg.105-6 Ex.7.3 Q1l¢c,d,2c,
d,3,4c¢,d,5,6c,d,7-9,11

e pg. 107 Ex. 74 Qla-i k-o,

2.
e pg. 109 Ex.75 Q1,3,5.

e pg. 111 Ex. 7.6 Q1-5,6b,7.

17
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Ex. 7.2
1 Find these indefinite integrals.
a f3x2(x3+3)4dx b fx(x2+1)5d.x c f(2x+1)(x2+x+1)6dx
d f(x+7)(x2+l4x)%dx e xf—_‘tldx
g fode h f%lnxdxi fxlilx
j [sinxe™*dx k f(x—l—?_)e*“u’“xdx 1 f%lnx)dx
m [sin x cos*x dx n ftan3xsec2xdx o f%dx

p f(3x+1)~13x2+zx+1d_x qf3e"(ex+1)3dx r fsez“fzizdx

) _ COS X 2% -1 5
s fcotx dx [Remember. cot x = —sinx] I B dx
4x + 9 gF—g

¥ f(x+4)(2x+ 1) dx W FF e dx
2 a Find the derivative of In(cos x). 3 a Differentiate cot x.

b Hence find [tan x In (cos x) dx. b Hence find [cosec?x cot® x dx.
4 a Showthat—— =——

1+ 1+e™
. 1
b Hence find i fl T exdx
Jul 15-18:31
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Ex. 7.3

1 Use the method shown in Example 6 to find the integrals.
c f\/S—xzdx df\’l—szdx

2 Use the substitution x = a sin #, where a is an appropriate constant, and integrate these.

3 1
S S d = =t
¢ 25 -2 V22
3 a Use the substitution # = x? to transform f\flzf_x" dx.

b Now use the substitution # = sin v to help you complete the integration.

4 Use the substitution x = 4 tan #, where 4 is an appropriate constant, and integrate these.

e —3 d —1
xr+ 16 1+ 4x?
5 a Use the substitution # = x* to transform fﬁ dx.

b Now use the substitution # = tan v to help you complete the integration.

. sin x . N
¢ Find f—z dx by using the substitution # = cos x.
1+ cos*x

6 Use the method shown in Example 8 to find the integrals.
¢ [HE—RFax a4 [T
7 a Find fsin x cos? x dx by letting # = cos x.
b Find fsins x cos® x dx by letting # = cos x.
¢ Find fsin3 x cos® x dx by letting # = sin x.
d Find fsin x cos x dx by letting # = sin x.
e Find fcos3 x dx by letting # = sin x.

f Find fsins x dx by letting # = cos x.

8 a Givenu =1 — Vx,showthatdx = 2(x — 1) du.

2
1 —x

b Hence find f dx.
.. 2
¢ Similarly find fil - dx.
.. 1
9 Use the substitution x = tan # to transform fi dx.
: 1 N

b Now use the substitution v = sin # to complete the integration.

11 Make use of the laws of logs and the substitution # = In x to help with these integrals.

a fln,(fz)dx b fh‘T‘/’?dx c f%dx d fxz—Jrf‘(xz)dx

Jul 15-18:31
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1
c J;xmdx

a.

x+1
b X2+ 2x+3

?NE + 3

dx

T
f cosx .
& ) Sindx

4

=n

In5

f Vet — 1dx

n2

[
. xInx®

k fzsinzx cos® x dx
o

m
2 cosx
b 1+ sin’x

m
2
m f51n7xdx
o
W
n chossxdx
o

1

¢ (2 + Inx)?
Nl

X

o]

x
V'3+2xdx

9
2
£3+«fdx

3
dx
& f‘J9—x2
1

i;—jdx

o]

[uZe%

dx

f (2x + I\(x — 3)(x + 4) dx
3

Ex. 7.4

1 Evaluate these definite integrals using the substitution suggested.

f(x— 2)(x? — 4x — S5)* dx

[let u = x> — 4x — 5]

b f 3x2(1—x)dx  [letuw=1—x
-1

[letx =1 — x?]

etz = (x — 3)(x + 4)]

[let u = x* + 2x + 3]

%
o f secxV3tanx + 1 dx
0

[# =2+ Inx]
[#2 =3 + 2x]
e — 3 = x]

[x = 3 sin u]

[let # = 2vx + 3]

[let # = sin x|

[let u? = & — 1]

[let # = In x]

[let # = sin x]

[let # = sin x then let # = tan v]

[let # = cos x|

[let # = sin x]

[let # = tan x|

2 Find these integrals, evaluating where limits are given.
Suitable substitutions have been suggested.

n_l
TG 2
bf secx/)?dx

4 fx(S Inx + 4)?

f stinx(Z — 3 cosx)’dx

10
hfx
5

x —

[ = 4 — 2]

[#=S5Ilnx+ 4]
[# =2 — 3 cos x]

[#=x — 4]

Jul 15-18:31
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Ex.7.5
1 State the integrals of each of these.
a f’«i3x—4dx b fsin(3—7x)dx c fsecl(Zx—S)dx d IGI*“M

e f(8x+1)’1d.x f f(sin(2x+1)+cos(l—x))dxgf(e"“-i-(?a—x)’l)dx

3 State the integrals of each of these.

a f(2x+3)(x2+3x+4)dx b fsinxcosxdx 2 IMTxdx
d fe"(c"+1)dx ¢ ftanxseczxdx f f(cosx+sinx)(cosx—sinx)dx
g f(ex+e"‘)(e"— e ) dx h f(x2+tanx)(2x+sec2x)dx

5 Integrate

. 3x2+ 4x — 4 b 2 cos 2x . 3 N p. d 1+ &
X+ 22— 4x+ 1 sin 2x x+1 2x—1 x+ e
secx x! 3*In3 x X2 3
tan x £ In x £ 3+3 h -1 -1 x*—-1

Jul 15-18:31
21
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Ex. 7.6

Find

i s IFeryrs
a : c

16 — x? 3 — x? 32 — 2x2
Find
49 + &2 b e+ 32 + 75

Evaluate
a f __dx b fl dx . fl ___dx

o V36— =2 b -2 iZ-32
Fmd correct to 3 dp where appropnate

10
, 81 + 2 . e ‘ f -
X b 2+ x s 4x* + 100

Find

2 [ Ik 555

erad b [jerady o [Eyde

Find

. f dx . f dx
b1 )+ 6x+ 25 U+ 4x + 13

Evaluate to 3 sf

_dx
y & +4x+ 13

b fl—dx
b 2+ 8x+ 52

1 [
G I\ =32

d 5+ 222

d

S
[S3]
N L3
%

dIL
7 + 3x2

o

3x— 1
d Ji2 +a9dx

f dx
M) x? + 8x + 18

_dx
L xP 4+ 4x + 26

Jul 15-18:31
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Answers to AH Maths (MiA), pg. 103, Ex. 7.2

1 a é(x3+3)5+c b 1—12(x2+1)6+c
c %(x2+x+ 1) + ¢ d 1—30(x2 + 14%)° + ¢
e Inlx®+1|+¢
g %(xz-l- 1)%‘1-(,‘ h %(Inx)"‘-l—c

i In|lnlx|+c
(hint: let In x = # = ¢* = x and ¢* du = dx)

j —es*+¢ k %?"“}““4" + &

1 —cos(Inlx]) +¢ m —é cos’x + ¢
n %tan“x +c o 2Vtanx +¢
p 2Gx2+2x+ 12+ q e+ 1)+
r 2In[3e> — 2| +¢ s In|sinx| +¢

t Infx2+5x—1|+¢
v In|x+4)2x+1)|+c w Inler+e+c¢
2 a —tanx b —%(ln lcos x|)* + ¢
2

1
3 a —cosec’x b —3c0t4x+c

4 a  Muleply numerator and denominator by e™.

b i—-In|l+e+c

Jul 15-18:31
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Answers to AH Maths (MiA), pg. 105-6, Ex. 7.3
1 ¢ 5xV5 —x? +251n‘1(\/§)+c
d 2x\!l—Zx +2 51n‘1(x\/_)+c
2 ¢ 35in‘1(%) +c d %sin"1 (xV2) + ¢
3 a fd—% b sin!'(x?) +c¢
V1 — u?
4 ¢ %tan_l(f)-l-c d %tan_l(Zx)ﬁ-c
5 a,b%tan"l(x4)+c ¢ —tan !(cosx)+ ¢
6 c —é(16—x2)%+c d —é(l —3x2)% +¢
7 a —%cos3x+c
b —%cos3x+%cossx—%cos7x+c
1 -4 L -6 L = § .
C Zsin“x —3sIN°x +gsin®x +¢
d %sinzx—kc
sinx—%sin3x+c
f —cosx+%cos3x—écossx+c
8a u=l-VE=\r=1-u=de=—5—dx
= —2 +x du = dx, hence result.
b 4(1—+vx)—4In|l —vx|+¢
c 41+ Vvx)—4ln|1+ x| +c
cosudu dv 1 1
J a/bf 2\1 f sin® u v Ty sinu
-—— ¢
sin (tan 1 x) ¢
11 a (Inlx|)? b %(ln|x|)z
2
In 3 1 X
= In x| + 5(1In [x])? d S+ (Inlx)?
Jul 15-18:31
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Answers to AH Maths (MiA), pg. 107, Ex. 7.4

1 a —100% b 4 c 3
d 302 e In\2 f 28
g % h % i %IHZ
2 T
k = 1 &
289 43 14
M 4480 0 o2 °© 9
2 a IZS b 2

¢ 3+ 2x)7— 53+ 2% +¢

3
58Inx+ 4

f %(2 — 3 cosx)® +¢

| oy
S —

¢ e 4—12In(

g 3sin‘1(§)+c h 5—-1In6

B | =

L] l Ll
1 —e* + ¢ ]

Jul 15-18:31
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Answers to AH Maths (MiA), pg. 109, Ex. 7.5

%(3.:\?— 4)s + ¢ b %cos (3 —7x)+¢
%tan(Zx—S)-l—c d —%el_ﬁ’urc
éln!8x+1l+c

—%cos(2x+ 1)—sin(l —x)+¢

—e *—Inl3 —xl+c¢
%(x‘2 +3x+4)2 +¢ %(sin %P + ¢
Hnx)? + ¢ HeF+ 12 + ¢

%(e’“ + e *2 +¢ %(x2 + tanx)?® + ¢

In|x*+2x*—4x+ 1 +c b In|sin2x| +¢
3ln|x+ 1] +In|2x— 1] +¢

In [x+ ¢ +¢ e In|tanx| +¢
In [Inx| +¢ g In|3+3 +¢

SIn |2 =1 +3In | — 1| +5ln [x*— 1] +¢

b
d
(tan x)? + £ 5 + sinx)? + ¢
s(tanx)® + ¢ 5(cos x + sinx)* + ¢
h

Jul 15-18:31

September 07, 2017
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Answers to AH Maths (MiA), pg. 111, Ex. 7.6
. —1 (X -1 (X
1 a sin (4)+c b sin (\E)Jrc
1 (X 1 1) -
C 7 sin (4) + ¢ d \]3—sm (\E) + ¢
2 a l1:’3Lr11(£)-l-c: b Ll:'ml X\ +¢
7 °° 7 V6 6
—1 (X 1 1 [xV2
¢ {gtan (s)+c d mtan (\ﬁ_ + ¢
3a b sin 1(%)
T i —1( @)
c V3 d \Esm \3
4 a 0.072 b 0.326
c 0.016 d 0.288
5 a —In|2’§+x|—t'1n'1( )+c
b %tan‘l(ﬁ)—§1n|16+x2|+c
C lInlx +2|—\f—t'm_1( )+c
2
3 | 1 (X
d 51n|x2+49|—5mn1(7)+c
6 b 1 %tan_l( Z%)Jrc ii%tan“l(x§2)+c
i grean~ (YEH) 4 ¢
7 a 0.-107 b 0.0178 c 0.0765
Jul 15-18:31
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