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15/9/17

Unit 1: Differential Equations - Lesson 2

Integrating Factor Differential Equations

LI

e Solve DEs that can be written in the form y' + P(x)y = f (x).
e

e Integrate.

e Product Rule in reverse.
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A 1"-order linear differential equation is
a differential equation that can
be written in the form :

X heay = fo0 K

Solving a 1-order linear differential equation
requires the following steps :

e Find the integrating factor (IF) = el"® ™

e Multiply Y% by the IF.

e Integrate both sides wrt x and solve for .
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Example 1
Obtain the general solution of,
dy 5
ax T x Y 73X
5
P(X) - 7
J‘P(x) dx —5f%dx
-5ln|x| + C
IF efP(x)dx
IF e—5|n|x|+c
= IF = efe™
= IF = Ax > (A = e9)
dy 5
ax T x Y T3
A 5d—y—iy Ax® =3x.Ax7°
dx x ' '
d ) ] o
> x5% —x5%y 3xt Ao
.5 dy ]
5 et AR 6 4
= X \dx 5 x y 3 x
'Opposite' of IS
Product Rule - i
d .5 4
— 3
Ix x"y) X
Integrating both sides wrt x gives,
x°y=-x°+¢C
= y -x° + Cx°
Mar 1-14:16
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Example 2
Obtain the general solution of,

y cosx + ysinx =1
Dividing by cos x gives,

y' + (fanx)y = sec x

P(x) = tan x

fP(x) dx = f‘ranx dx

= -In|cosx| + C
. JP (x) dx
IF = e

IF e-lnlcosx|+c

= IF _ eCelnlcosxl-1

= IF = Asecx

y' + (tanx)y = sec x
Multiplying by A sec x and cancelling A gives,
(sec x)y' + (secxtanx)y = sec’x
(sec x.y)' = sec’x
Integrating both sides wrt x gives,

secx.y = tanx + C

= y = sinx + Ccos X
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Example 3
Obtain the general solution of,

y' + 7y = 4 7%

P(x) =7
fP(x) dx = f7 dx
=7x + C
IF = efP(x)dx

IF — e7X+C

c 7
= IF e e’”

= IF Ae’”

y' + 7y = 4e 7"

Multiplying by A e”” and cancelling A gives,

7 X

> ey + 7e"y = 4
7 x 1
= (e 7y) =4
Integrating both sides wrt x gives,

7 x

e’y =4x + C

-7 X -7 X

+ Ce

= y = 4xe

Mar 1-14:16
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AH Maths - MiA (2" Edn.)

e pg.136-7 Ex. 83 Qla-e, g,k
r,s,2a,b,d e, f,3a,b,e.
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Ex. 8.3

1 Solve each of these first-order linear differential equations.

d d d
a ay-l-_}vZeJc b ay+3y=e_" c ay+4y=sinx
dy dy I dy
__|__= X - _ 3 _ —
ddx € edx+x X dx+x—1 x+1
kd—y+ sinx = 3sinx rd—y—lz - s d—y—zz X
dx 7 dx  x 241 dx x V4—22
2 Find general solutions for these differential equations.
dy dy 1 dy
a 354-}:6@" b x 7 ty=cosx d §a+(x+l)y=x—|—1
d d
e e“ay+y:1 f cosxay—l-?)ysinx:Z

3 Find the particular solution to each equation with the given initial conditions.

dy v _
a a+5=e“;whenx=0,y=e
d
b y+2=sinx;w'henx=7r,y=2
x

dx
d

e a—_ylnx = x"sinx;whenx =m,y= 7"
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Answers to AH Maths (MiA), pg. 136-7, Ex. 8.3

_ & =L+ £
la y=5+x b Y=2et
¢ y=p(4sinx — cosx) + ﬁ
_ € = E
d y=e-—-—+7 e ¥=7 %3
_ x*—3x c :
8 YT3k—1) x-1 Kk y=3+c
r y=xtan 'x+xc s J’zxsm_l(%)+xc
o s, " r:sinx c
2 a y=3+tece by x +x
d y=1+ € € _}':1+Ceex

T
i+ 2x
&

2 . 4. ,
f y=3sinx+ 3sinxcos’x + ccos’x

_ 2, ., €73 sinx —xcosx + 7
Ja y=3+—= b y= .
y E y _

1 . - [
e y=x*(sinx — cosx) + 5" “x*
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