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The greatest common divisor (GCD) (aka highest common factor

(HCF)) of  a, b  ∈ N  - denoted by  GCD(a, b)  or just  (a, b) - is 

the biggest natural number that exactly divides both  a  and  b

The Division Algorithm states that, given  a, b  ∈ N,  ∃ unique 

q, r  ∈ N  satisfying,

a  =  b q  +  r     (0  ≤  r  <  b)

quotient remainder

When  a  =  b q  +  r  (0  ≤  r  <  b), (a, b)  =  (b, r) 

Note that  (p, 0)  =  p, for any  p  ∈ N

Note that  (p, 1)  =  1, for any  p  ∈ N
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Repeated use of the the Division Algorithm gives the 

Euclidean Algorithm to work out (a, b) :

a  =  b q1 +  r1

b  =  r1 q2 +  r2

r1 =  r2 q3 +  r3

(0  ≤  r1 <  b) (a, b)  =  (b, r1)

(0  ≤  r2 <  r1) (b, r1)  =  (r1, r2)

(0  ≤  r3 <  r2) (r1, r2)  =  (r2, r3)

rk - 2 =  rk - 1 qk +  0  (0  <  rk - 1) (rk - 2, rk - 1)  =  (rk - 1, 0)

Then  (a, b)  =  rk - 1

For any  a, b  ∈ N, the Euclidean algorithm 

can be used to write  (a, b)  as, 

(a, b)  =  a x  +  b y   (x, y  ∈ Z)

Two numbers  a, b  ∈ N  are relatively prime 

(aka coprime) if  (a, b)  =  1
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Write  (30, 42)  in the form  30 x  +  42 y, stating the values 

of  x  and  y.

42  =  30 . 1  +  12    (42, 30)  =  (30, 12)

30  =  12 . 2  +  6    (30, 12)  =  (12, 6)

12  =  6 . 2  +  0    (12, 6)  =  (6, 0)  =  6

∴ (42, 30)  =  6

Solving for the remainders above gives, 

12  =  42  -  30 . 1

6  =  30  -  12 . 2

∴ 6  =  30  -  (42  -  30 . 1) . 2

⇒ 6  =  30  -  42 . 2  +  30 . 2

⇒ 6  =  30 . 3  -  42 . 2

∴ (30, 42)  =  30 x  +  42 y  (x  =  3, y  = - 2)
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Determine whether or not  4  and  7  are coprime.

7  =  4 . 1  +  3    (7, 4)  =  (4, 3)

4  =  3 . 1  +  1    (4, 3)  =  (3, 1)

3  =  1 . 3  +  0    (3, 1)  =  1

∴ (4, 7)  =  1

As  (4, 7)  =  1, 4  and  7  are coprime
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