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A differential equation (DE) is an equation involving 
derivatives of a function which is to 

be solved for the function

A separable differential equation is a DE
that can be written in the form :

=  f (x) g (y)   
dy   
dx   

The variables  y  and  x  are 'separated' from 

each other into the functions  f  and  g

Differential equations are solved by integrating. The type of 
solution that is obtained depends on whether or not the 
integration constant is evaluated :

• General solution : constant not evaluated.

• Particular solution : constant evaluated.

An nth-order differential equation is a DE where 
the highest derivative is the nth derivative 

To obtain a particular solution, initial conditions are required. 
This means, in the above notation, a value for  x  and a 
corresponding value for  y.
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How to Solve a Separable DE

Integrate each side wrt relevant variable :

(or equivalent)
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If  y  >  0, find the particular solution of the 

differential equation,             

cos 2 x         =  y   
dy   
dx   

with  y (π/4)  =  e 2.       

cos 2 x         =  y   
dy   
dx   

∴
1   
y   dy   = dx∫  1   

cos
 2
 x∫  

⇒

ln |y|  =  tan x  +  C

1   
y   dy   =        sec

 2
 x  dx∫  ∫  

∴

⇒ y  =  e
tan x  +  C

⇒ y  =  e
tan x 

. e
C

Writing  A  = e
C 

 this becomes,       

y  =  A e
tan x

Substituting in the initial conditions  x  = π/4, 

y  =  e 
2 gives,       

e 
2

=  A e
tan π/4

⇒ e 
2

=  A e
1

⇒ A =  e

y  =  e . e
tan x

∴

⇒ y  =  e
1  +  tan x

General 

solution

y  > 0  so |y|  =  y
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Example 2

If  x, y  >  0, find the general solution of,             

3 y  -  x         =  x 2dy   
dx   

∴
1   
y   dy   =  3                          dx∫  1   

x (x +  1)∫  

ln |y|  =  3 ln |x|  -  3 ln |x +  1|  +  C

⇒

dy   
dx   

3 y  = x
 2

+  x
dy   
dx   

dy   
dx   

3 y  -  x         =  x 2dy   
dx   

dy   
dx   

⇒

dy   
dx   

⇒ 3 y  =  (x 2
+  x)

dy   
dx   

3 y  =  x (x +  1)⇒

Using partial fractions (check !), this becomes,

1   
y   dy   =  3            dx  -  3                   dx∫  1   

x +  1∫  ∫  1   
x

∴

ln |y|  =  3 (ln |x|  -  ln |x +  1|)  +  C

⇒ ln |y|  =  3 ln                  +  C
x +  1

x

⇒ ln |y|  =  ln                   +  C
x +  1

x
3

⇒ y  =  e
C

x +  1
x

3

( )
Making the usual replacement  A  = e

C
  gives,

As  x, y  > 0

y  =  A                    
x +  1

x
3

( )
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Example 3

A colony consists of  300  people. A virus spreads, 
the number of people being infected after time  t  
hours being denoted by  P (t)  and governed by the 
differential equation, 

∴  dt   =∫  ∫  

=  P (300  -  P)  dP   
dt   

Find  P (t)  and explain what happens in the long run. 

=  P (300  -  P)  dP   
dt   

Partial fractions on the RHS (check !) gives, 

 dP   1   
P (300 -  P)

 dt   =∫  ∫   dP  +1   
P

1   
300 ∫  dP   1   

300 -  P
1   

300

∴ t  +  C  =           ln |P| -           ln |300 -  P|1   
300

1   
300

Multiplying by  300, using the rules of logarithms, 

remembering that  P  >  0, relabelling  e
 300 C

  as  A, 

and using some heavy algebra, we obtain, 

P (t) =
300 A e

 300 t

1  +  A e
 300 t

Dividing top and bottom of the expression for  P (t)  

by  e
 300 t

  gives, 

P (t) =
300 A 

e
 - 300 t

+  A             

In the 'long run' means as  t      ∞. As  t      ∞,

e
 - 300 t

0. Hence, P (t)       300. So, 

In the long run, the number of people in the 
colony infected by the virus approaches  300.



001 - Separable Differential Equations.notebook

7

September 14, 2017

Feb 10-15:47

• pg. 128-9  Ex. 8.1  Q 1 a, b, d - f,         

 j, o - r, 2 c, i, l, m.

• pg. 131-4  Ex. 8.2  Q 1 a, b, 4, 7, 
                              8.
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