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A complex number written in Cartesian form as  

z  =  x  +  y i  can be written in Polar Form : 

z  =  r (cos θ  + i sin θ)

z

r

Im

Re

θ

x

y
y  =  r sin θ

x  =  r cos θ

r  =  |z|  =      x 2
+  y 2√  Modulus of  z :

An Argument of  z :  Arg z  = θ

z  has infinitely many arguments (keep adding 

or subtracting multiples of 2π); the principal 

argument of  z (arg z) is the value of  Arg z  

that lies in the range  - π  <  θ  ≤  π.

The set of all complex numbers  C  can be geometrically 

described as the complex plane

An Argand diagram is a plot of one or more 

complex numbers in the complex plane

+
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The Polar form makes multiplication and division 

of complex numbers very easy

Given complex numbers  z  and  w  in polar form, 

z  =  r (cos θ  + i sin θ)  and  w  =  R (cos φ  + i sin φ)

the product and quotient can be formed and simplified 

(using addition formulae) to give,

z w  =  r R (cos (θ  +  φ)  +  i sin (θ  +  φ))

=        (cos (θ  -  φ)  +  i sin (θ  -  φ))
z
w

r

R

To multiply two complex numbers in polar form, 

multiply the moduli and add the arguments :

|z w|  =  |z| |w|;  Arg (z w)  =  Arg z  +  Arg w  

To divide two complex numbers in polar form, divide 

the moduli and subtract the arguments :

|z ÷ w|  =  |z| ÷ |w|;  Arg (z ÷ w)  =  Arg z  -  Arg w  

The resultant argument may need to be brought into the 

correct range (- π  <  θ  ≤  π) by adding or subtracting 

multiples of  2π.

Useful shorthand : cos θ  + i sin θ  = cis θ
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⇒

Find the modulus and argument (in radians, to  3 s.f.) of  

z  = - 3  -  5 i, and hence write  z  in polar form.

r  =      34√  

r

Im

Reβ

3

5

α

z  = - 3  -  5 i

r  =      x 2
+  y 2√  

∴ r  =      (- 3) 2
+  (- 5) 2√

β = tan - 1 (5/3) 

⇒ β =   1 . 03 . . .  

Always plot 

the complex 

number first

∴ α =  π  -  1 . 03 . . .

⇒ α =   2 . 11 . . .  

∴ arg z  = - 2 . 11

- 3  -  5 i  =             (cos (- 2 . 11)  +  i sin (- 2 . 11))     34√  
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Express  z  =  2 cis (2π/3)  in Cartesian form.

z  =  2 cis (2π/3)

∴ z  =  2 (cos (2π/3)  +  i sin (2π/3))

⇒ z  =  2 ((- 1/2)  +  i (      /2))    3√ 

⇒ z  = - 1  +  i     3√ 
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Simplify  7 cis (π/6)  x  3 cis (π/4)  in polar form.

Let  z  =  7 cis (π/6)  x  3 cis (π/4).

z  =  7 cis (π/6)  x  3 cis (π/4)

⇒ z  =  21 cis (π/6  +  π/4)

⇒ z  =  21 cis (5π/12)
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Simplify  2 cis (π/3)  ÷  2 cis (π/2), writing the answer in 

polar form and then Cartesian form.

Let  w  =  2 cis (π/3)  ÷  2 cis (π/2).

w  =  2 cis (π/3)  ÷  2 cis (π/2)

⇒ w  =  cis (π/3  -  π/2)

⇒ w  =  cis (- π/6)

w  =  cos (- π/6)  +  i sin (- π/6)

⇒ w  = -         i  
    3√ 

2 2
1
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Express  z 4  in polar form (fully simplified) if  z  =  2 cis (π/3). 

z 4
=  2 cis (π/3)  x  2 cis (π/3)  x  2 cis (π/3)  x  2 cis (π/3)

⇒ z 4
=  16 cis (π/3  +  π/3  +  π/3  +  π/3)

⇒ z 4
=  16 cis (4π/3)

z 4
=  16 cis (- 2π/3)

The angle  4π/3  is not in the required range (- π  <  θ  ≤  π) - it's  

bigger than  π; we therefore keep on subtracting  2π  to get it 

into the required range. 

4π/3  -  2π  =  4π/3  -  6π/3  = - 2π/3 
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