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2/3/18

Geometry of Complex Numbers - Lesson 1

Polar Form,Multiplication and Division

LI

e Change a complex number between Cartesian and Polar Form.
e Multiply and divide complex numbers in polar form.

SC

e Modulus and Argument.

Jan 10-12:11



001 - Polar Form, Multiplication and Division.notebook March 01, 2018

The set of all complex numbers C can be geomeftrically

described as the complex plane

An Argand diagram is a plot of one or more
complex numbers in the complex plane

A complex number written in Cartesian form as
z = X + yi can be written in Polar Form :

Z = r(cos® + isinB)

y4 X = rcos®©
y = rsin®
y D
Re D
Modulus of z: r=|z| = \/X2 + Y2

An Argument of z: Argz = 6

z has infinitely many arguments (keep adding
or subtracting multiples of 2m); the principal
argument of z (arg z) is the value of Arg z
that liesintherange -m < 6 < .
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The Polar form makes multiplication and division
of complex numbers very easy

Given complex numbers z and w in polar form,
Z = r(cos® + isinB) and w = R(cos¢p + ising)

the product and quotient can be formed and simplified
(using addition formulae) to give,

zZzw = rR(cos(® + ¢) + isin(6 + o))

p4

2z %(cos(e - 9) + isin(® - 9))

To multiply two complex numbers in polar form,
multiply the moduli and add the arguments :

lzw| = |z| |w|; Arg(zw) = Argz + Argw

To divide two complex numbers in polar form, divide
the moduli and subtract the arguments :

|lz+w|l = |z| + |w|; Arg(z +w) = Argz - Argw

The resultant argument may need to be brought into the
correct range (- m < © < m) by adding or subtracting
multiples of 2.

Useful shorthand : cos® + isin® = cis©

Mar 1-08:04
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Example 1
Find the modulus and argument (in radians, o 3 s.f.) of
z = -3 - 5i,and hence write z in polar form.
Im
Always plot
the complex
Re number first
z=-3-D5i
r=Jx° +y° B = tan ' (5/3)
r =+ (-3)° + (-5)° = B = 1.03...
= r =434 x =m-1.03...
= x = 2.11...
argz = -2.11
-3 -5i =434 (cos(-2.11) + isin(-2.11)
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Example 2

Express z = 2 cis (2n/3) in Cartesian form.
z = 2cis (2n/3)
z = 2(cos (2n/3) + isin(2n/3))

N z = 2((-1/2) + i(/3/2)
= z=—1+i\/§

Oct 2-23:10
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Example 3

Simplify 7 cis (n/6) x 3 cis (n/4) in polar form.

Let z = 7 cis (n/6) x 3 cis (1/4).

z = 7 cis(n/6) x 3cis (n/4)

= z = 2lcis(n/6 + m/4)
= z = 21cis (bn/12)
Oct 2-23:10
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Example 4

Simplify 2 cis (n/3) + 2 cis (n/2), writing the answer in
polar form and then Cartesian form.

Let w = 2cis (n/3) + 2 cis (m/2).

w = 2cis(m/3) + 2cis (m/2)

= w = cis (n/3 - m/2)

= w = cis (- 1/6)

w = cos (- /6) + isin(-m/6)

V3

= w=——ii
2 2

Oct 2-23:10
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Example 5

Express z* in polar form (fully simplified) if z = 2 cis (1/3).

2% = 2cis(n/3) x 2cis (n/3) x 2 cis (n/3) x 2 cis (n/3)
= z% = 16cis(m/3 + n/3 + w/3 + 1/3)
> z" = 16 cis (41/3)

The angle 4m/3 is not in the required range (-m™ < © < m)-it's

bigger than m; we therefore keep on subtracting 2m to get it
into the required range.

4rt/3 - 2m = 4n/3 - 61/3 = -21/3

z* = 16 cis (- 2n/3)

Oct 2-23:10
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AH Maths - MiA (2" Edn.)

e pg. 211 Ex. 123 Q1-4,6,7.

e pg.215-6 Ex. 125
Ql, 2aq,c,3.
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Ex. 12.3

1 z=1=|z|]=1landargz=10 o

Use the diagram to help you make similar statements about

1 z=1

b z=-1 -
;2——]_ O 1 X

c z=—1

2 a Draw Argand diagrams to illustrate

i3+4iand3 — 4 ii 2+ 3iand2 — 3: iii S+i7and5—1:

b Comment on the Argand diagrams of zand z.
3 For each of these complex numbers
i plot the number on an Argand diagram

ii find the modulus and argument to 3 significant figures where appropriate.

a 1+ b 2+ 3 c 3+ 2
d 6 e 3 f —4 — 3i(refer to your sketch)
g —1+2 h 2-3i i 4—i

4 For each of these expressions
i simplify by writing them in the form x + 7y

ii find the modulus and argument.

3+ 2 1 _ _
a 1+5§ b 143 c (24 4i)(1—1)

6 Find the complex number with

a |z|=2,argz=% b |z|=3,argz=% c |z|=4,argz=%
d |z|=3,argz=% e |z|=2,arg::=—% f |z|=1,argz=—%
7  Express each of these complex numbers in polar form. (Give the argument in degrees.)
a 1+13 b V2 +i2 c —2V3 + 2
d —1 e X f —4— i3
g —2V3 +2i h V2 -2 i —1—-n3
Jun 19-11:45
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Ex.12.5

Simplify these expressions.
a 3(.cos % + isin %) X 4(c05 % + isin

b 2(cos A + 7sin 4) X S(CDS G + i sin

i ol s

¢ 2(cos T +ising) X 4(cos T —isin
Hint: remember (cos 5 — i sin J) = (cos (—F ) + isin (—%))

d (cosT —isinTg) X 2(cos § —isinF)

e S(cos T —isinT) X 2(cos g +ising)

£ 4(cos 3 +isin 72’) - 2(cos 3 +ising)

g S(cosT+isin )+ 2(cos T +isinT)

h 9(cos% +isin %) + 3(cos% +isin %)

i 8(cos T —isinT) + 2(cos 2T — i sin 2T

. 1 .
Convert each complex number to polar form then state the product, z,z,, and quotient, P of each pair.

(Work to 3 significant figures.)
a z;,=3+4, z=1+:

=1—7 z,=-—1-—

~ )
S| iy A~ E

Given thatz = r(cos % + 7 sin %) calculate

a z2 [= rl(cos 3 + i sin ?37)2 rz(cos 3 + 7 sin g)(cos 3 + 1sin 'g)]
b 2*[= 2]
¢ z*[remember to bring the argument back into the range (-, )]

d Is EZG fz7

Jun 19-11:45
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Answers to AH Maths (MiA), pg. 211, Ex. 12.3

1 a z=i=|z|=1andargz=7
b z=-1=|z| =1landargz=m
¢ z=—i=|z|=1landargz= —7
2 Diagrams showing:
a i (3,4)and(3,—4) ii (2,3)and (2, —3)
iii (5,1)and (5, —1)

b Reflection in x-axis.
3 a Diagramshowing (1,1); |z| =V2;argz =7
b Diagram showing (2, 3); |z| = V13;argz = 0.983 (3 sf)
¢ Diagram showing (3, 2); |z| = V13;arg z = 0.588 (3 sf)
d Diagram showing (6, 0); |z| = 6;argz =0
e Diagram showing (0, 3); |z| = 3;argz =3
f Diagram showing (—4, —3);
|z| = 5;argz = —2.50 (3 sf)
g Diagram showing (—1,2); |z| = V5; argz = 2.03 (3 sf)
h Diagram showing (2, —3);
|z| =V13;argz = —0.983 (3 sf)
i Diagram showing (4, —1);
|z| =V17;argz = —0-245 (3 sf)
4a i T—4i ii |z| =4pargz=—F
b i - i |z| =5 argz = —125
c i 6+2 ii |z| =2V10;argz = 0.322
6 a 2(cosg +ising)=V3+i
b 3cos4+151n?—1)=%+i6
c 4(cosF +ising) =4i
d 3c053+151n§)=%+¥1
sing) =V2 —i\2
f ICOSE—zsm%)Z\Pj—%

2
7 a 2(cos 60° + isin 60°) b 2(cos45° + isin 45°)
¢ 4(cos 150° + isin 150°) d (cos 180° + isin 180°)
e  3(cos90° + isin 90°) f 8(cos 120° —isin 120°)
g  4(cos 150° —isin 150°) h 2(cos 135° —isin 135°)

(
(
(
(
e 2(cos
(
(
(
(
(
i 2(cos 120° — isin 120°)

Jun 1-11:51
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Answers to AH Maths (MiA), pg. 215-6, Ex. 12.5

1 a 12 cis% b 10 cis‘:{—.l,r c 8cs0
d 2cis (—:%T) e 10cis (—%) f 2cis (%)
g Scis(¥) h 3cis(3) i 4cis(7)

2 a Scs0927;1.41 cis 0.785;
Product: 7-07 cis 1.71; Quotient: 3-54 cis 0-142

¢ 1.41 cis (—0.785); 1.41 cis (—2.36);
Product: 2 cis 3.142; Quotient: 1 cis (1.57)

3 Z2=rlcis5;z3=ricis mz4:-r4c1s(—7” .
Z=rcs(—3);z° =rfcis0;z =r cis §

Oct 10-09:17
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