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1. INTRODUCTION

1.1 Background

The National Course in Advanced Higher Mathematics consists of two mandatory
units, Mathematics 1(AH) and Mathematics 2{AH), followed by one of four optional
units Mathematics 3(AH), Statistics 1{AH), Mechanics 1(AH) and Numerical
Analysis 1(AH).

The National Course in Advanced Higher Applied Mathematics consists of a core of
two units from Statistics 1(AH) and 2(AH), Mechanics 1{AH) and 2(AH) and
Numerical Analysis 1{AH) and 2(AH), followed by one of four optional units
Mathematics 1{AH), Statistics 1(AH), Mechanics 1{AH) and Numerical Analysis
1(AH). The optional unit chosen must not be a repeat of a unit taken by the candidate
elsewhere in a Mathematics (AH) or Applied Mathematics (AH) course.

This pack contains a bank of additional questions for the two Mechanics Units,
Mechanics 1(AH) and Mechanics 2(AH). Three other banks provide questions for
Statistics 1 and 2(AH), Numerical Analysis 1 and 2{(AH) and Mathematics 1, 2 and
3(AH).

For the most part, the content of the nine units available at Advanced Higher
correlates highly with the content of the five Mathematics papers which were offered
for the Certificate of Sixth Year Studies. The two main exceptions are in Statistics
2(AH) where most of the content is new and in Mathematics 2 and 3(AH) where some
content from CSYS prior to 1992 is now reinstated.

The source of most of the questions in the banks is past CSYS Mathematics
examination papers. Although these questions are in the public domain, they have the
significant benefit of having undergone the question paper moderation procedures of
the Scottish Qualifications Authority (SQA), (formerly the Scottish Examination
Board), and have been scrutinised for clarity of language and mathematical accuracy.
In addition, the difficulty levels attached to the questions are based on actual
examination performance by candidates and the experience of examiners.

1.2 Structure and purpose

The structure of the banks is such that questions from future National Qualifications
examinations for Advanced Higher Mathematics, Advanced Higher Applied
Mathematics and from other sources available to users can be categorised similarly
and added to the banks.

The purpose of the banks is to prepare students for course assessment and to generate
evidence of attainment beyond the minimum competence necessary to pass the unit
assessments for the component units of the chosen course. Centres are required to
submit estimates of the bands candidates are likely to attain in the external course
assessment and to retain the evidence of attainment on which estimates are based for
use in the event of appeals. Using questions from the banks to obtain an assessment of



the candidate’s own unaided work should provide quality evidence of an estimate
band. Centres may, of course, prefer to devise their own assessment materials, in
which case modifying questions from the banks or creating new questions based on
contexts used in questions in the banks may be helpful.

1.3 Quality of evidence

For assessment evidence in the form of prelim examinations or any other form of
evidence to be fit for the purposes of estimates and appeals it is important that it
covers as much of the course as possible. In Mathematics, evidence will normally be
produced under supervision to ensure that it is the candidate’s own unaided work.

1.4 Bank codes
In the following sections of this Additional Question Bank, codes are used for ease of
reference.

+ Mechanics 1(AH) and Mechanics 2(AH) are referred to as Unit 1 and Unit 2
respectively.

¢ A 3-figure code has been applied to the items of course content as listed in the
National Course Specifications for Advanced Higher Mathematics and Advanced
Higher Applied Mathematics. For example, 2.1.10 is the reference to the tenth
item of content in the first outcome of unit 2.

* A code 0.1 has been used to classify content which falls into the category of
course grade descriptions.

Section 2 contains the full list of coded content for Mechanics 1 and 2(AH) in an
abbreviated form. The document, SQA Applied Mathematics Advanced
Higher:National Course Specification should be consulted for a full statement of
course content and comment and course grade descriptions.

1.5 Additional questions
Section 3 of the Bank contains an analysis of the questions in grid form. The headings
and abbreviations are explained below.
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Section 4 lists each of the questions with, as a guide to marking, a simplified version
of the actual marking instructions used in the examinations. Only one method of
marking is illustrated and it should be noted that, in many instances, alternative
methods are equally valid.

1.6 Important limitation on use of the Bank

Since national past examination papers are in the public domain, it is important, for
reliability, that internal course assessments are constructed with questions from a wide
spread of years.
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1.1.1

Content List - Mechanics 1 (AH)

Motion in a straight line
know the meaning of position, displacement, velocity,
acceleration, uniform speed, uniform acceleration, scalar
quantity, vector quantity
Concepts of position, velocity and acceleration should be
introduced using vectors.
Candidates should be very aware of the distinction
between scalar and vector quantities, particularly in the
case of speed and velocity.
draw, interpret and use distance/time, velocity/time and
acceleration/time graphs
Candidates should be able to draw these graphs from
numerical or graphical data.
know that the area under a velocity/time graph represents
the distance travelled
know the rates of change v = % =k and

2 + . e
a=%% =% =y=3
Candidates should be familiar with the dot notation for
differentiation with respect to time.
derive, by calculus methods, and use the equations
govemning molion in a straight line with constant
acceleration, namely:
v = u + at,s = ut + 4ar? and from these,
Vo= u + 2as5,5 = (u+ Wt/2
Candidates need to appreciate that these equations are for
motion with constant acceleration only. The general
technique is to use calculus.
solve analytically problems involving motion in one
dimension under constant acceleration, including vertical
motion under constant gravity
solve problems involving motion in one dimension where
the acceleration is dependent on time, iea = ¢ = f ()

13
1.3.1

1.3.2

1.3.3

1.3.4

1.3.5

1.3.6

1.3.9

Motion of projectiles in a vertical plane

know the meaning of the terms projectile, velocity and
angle of projection, trajectory, time of flight, range and
constant gravity

Candidates also require to know how to resolve velocity
into its horizontal and vertical components.

solve the vector equation ¥ = ~—gj to obtain r in terms of
its horizontal and vertical components

The vector approach is particularly recommended.
obtain and solve the equations of motion ¥ = 0,§ = —g,
obtaining expressions for &, y, x and y in any particular
case

find the time of flight, greatest height reached and range
of a projectile

Only range on the horizontal plane through the point of
projection is required.

find the maximum range of a projectile on a horizontal
plane and the angle of projection to achieve this

find, and use, the equation of the trajectory of a projectile
Candidates should appreciate that this trajectory is a
parabola.

solve problems in two-dimensional motion involving
projectiles under a constant gravitational force and
neglecting air resistance

Applications from ballistics and sport may be included
and vector approaches should be used where appropriate.

1.2

121

1.2.2

1.2.3

124
125

1.2.6

1.2.7

Advanced Higher Mathematics — Mechanics — Content Reference List

Position, velocity and acceleration vectors including
relative motion

know the meaning of the terms relative position, relative
velocity and relative acceleration, air speed, ground speed
and nearest approach

be familiar with the notation:

rp for the position vector of P

vp = Ipfor the velocity vector of P

ap = Vp = ¥pfor the acceleration vector of P

}@ =rg —rp for the position vector of Q relative to P
Vo — Vp = I'p — I -p for the velocity of @ relative to P

ap — ag = Vp — Vo = Ip — i for the acceleration of
Q relativeto P

resolve vectors into components in two and three
dimensions

This requires emphasis.

differentiate and integrate vector functions of time

use position, velocity and acceleration vectors and their
components in two and three dimensions; these vectors
may be functions of time

apply position, velocity and acceleration vectors to solve
practical problems, including problems on the navigation
of ships and aircraft and on the effect of winds and
currents

Candidates should be able to solve such problems both by
using trigonometric calculations in triangles and by
vector components.

Solutions by scale drawing would not be accepted

solve problems involving collision courses and nearest
approach

14
1.4.1

14.2
14.3

14.4

14.5

14.6

1.4.7

i4.8

1.4.9

Force and Newton's laws of motion

understand the terms mass, force, weight, momentum,
balanced and unbalanced forces, resultant force,
equilibrium, resistive forces

know Newton's first and third laws of motion

resolve forces in two dimensions to find their components
Resolution of velocities, etc. has been covered in
previous sections.

combine forces to find resultant force

understand the concept of static and dynamic friction and
limiting friction

understand the terms frictional force, normal reaction,
coefficient of friction u, angle of friction 4, and know the
equations F = puRand g = tanld

Balanced, unbalanced forces and equilibrium could arise
here.

Candidates should understand that for stationary bodies,
F < uR

solve problems involving a particle or body in
equilibrium under the action of certain forces

Forces could include weight, normal reaction, friction,
tension in an inelastic string, etc.

know Newton's second law of motion, that force is the
rate of change of momentum, and derive the equation

F = ma

use this equation to form equations of motion to model
practical problems on motion in a straight line

1.4.10 solve such equations modelling motion in one dimension,

including cases where the acceleration is dependent on
time

1.4.11 solve problems involving friction and problems on

inclined planes
Both rough and smooth planes are required.



214

2.1.7

Mechanics 2 (AH)

Motion in a horizontal circle with uniform angular
velocity

know the meaning of the terms angular velocity and
angular acceleration

know that for motion in a circle of radius r, the radial and
tangential components of velocity are 0 and rfe,
respectively, and of acceleration are —r@%, and rdey
respectively,where e, = cosfi + sin#jand

e = — sinfi + cos @) are the unit vectors in the radial
and tangential directions, respectively

Vectors should be used to establish these, starting from

r = rcosfi + rsinéj, where r is constant and @ is varying.
know the particular case where & = wt, w being constant,
when the equations are r = r cos(a¢)i + r sin {wt})};

v = —rw sin (wt)i + rw cos(wi)j;

a = —ra? cos (wd)i - re®sin (we) j;

from which
v=ru=rl;a=re*=ré*=v}randa =
apply these equations to motion in a horizontal circle with
uniform angular velocity including skidding and banking
and other applications

Examples should include motion of cars round circular
bends, with skidding and banking, the ‘wall of death’, the
conical pendulum, etc.

know Newton's inverse square law of gravitation, namely
that the magnitude of the gravitational force of attraction
between two particles is inversely proportional to the
square of the distance between the two particles

apply this to simplified examples of motion of satellites and
moons

Circular orbits only.

find the time for one orbit, height above surface, etc

-’

22
22.1

222
223

224

225

2.2.6

227

228

Advanced Higher Mathematics - Mechanics — Content Reference List

Simple harmonic motion

know the definition of simple harmonic motion (SHM) and
the meaning of the terms oscillation, centre of oscillation,
period, amplitude, frequency

know that SHM can be modelled by the equation ¥ = —w®x

know the solutions x = asin(wt + a) and the special cases
x = asin{wt)and x = a cos(wt), of the SHM equaticn

At this stage these solutions can be verified or established
fromr = acos{wt)i + a sin{wt)j

rotating round a circle. Solution of second order differential
equations is not required.

know and be able to verify that v* = w?(a® - x?), where

v =1%;T = 2/ ; maximum speed is wa, the magnitude of
the maximum acceleration is w’z and when and where
these arise

Proof using differential equations is not required here but
will arise in the section of work on motion in a straight line
later in this unit.

know the meaning of the term tension in the context of
elastic strings and springs

know Hooke's law, the meaning of the terms natural length,
{, modulus of elasticity, 4, and stiffness constant, k, and the
connection between them, 1 = &/

know the equation of motion of an oscillating mass and the
meaning of the term position of equilibrium

apply the above to the solution of problems involving SHM
These will include problems involving elastic strings and
springs, and small amplitude oscillations of a simple
pendulum but not the compound pendulum.

23
231

232

233
234

Principles of momentum and impulse

know that force is the rate of change of momentum

This was introduced in Mechanics 1 (AH).

know that impulse is change in momentum i.e.

I =mv-mu=][Fdt

understand the concept of conservation of linear momentum
solve problems on linear motion such as motion in lifts,
recoil of a gun, pile-drivers, etc.

The equation F = ma is again involved here. Equations of
motion with constant acceleration could recur.

24

24.1

24.2

243

244

24.5

24.6

247
248

249

Principles of work, power and energy

know the meaning of the terms work, power, potential
energy, kinetic energy

understand the concept of work

Candidates shouid appreciate that work can be done by or
against a force.

calculate the work done by a constant force in one and two
dimensions, ie, W = Fd (one dimension); W = F.d (two
dimensions)

calculate the work done in rectilinear motion by a variable
force using integration, i.e. W = [Fidg W = [Fvds,
wherey = i

understand the concept of power as the rate of doing work,
ie. P = € = F.v(constant force), and apply this in
practical examples

Examples can be taken from transport, sport, fairgrounds, etc.

understand the concept of energy and the difference
between kinetic (Ex) and potential (E;) energy

know that Ex = 4mv?

know that the potential energy associated with:
a. a uniform gravitational field is Ep = mgh
b. Hooke's law is £p = 1k (extension)®
Link with simple harmonic motion.

c. Newton's inverse square law is Ep =
Link with motion in a horizontal circle.
understand and apply the work-energy principle

GMm

r

2.4,10 understand the meaning of conservative forces like gravity,

and non-conservative forces like friction

2.4.11 know and apply the energy equation Ex + Ep = constant,

including the situation of motion in a vertical circle

2.5

251
252

253

254
2355

Motion in a straight line, where the solution of first
order differential equations is required

know thata = v& as well as &

use Newton's law of motion, F = ma, to form first order
differential equations to model practical problems, where
the acceleration is dependent on displacement or velocity,
le. & = FORYE = fvE = fO.

solve such differential equations by the method of
separation of variables

It may be necessary to teach this solution technique,
depending on the mathematical background of the
candidates.

Examples will be straightforward with integrals which are
covered in Mathematics 1, 2 ( AH). If more complex, then
the anti-derivative will be given.

derive the equation v* = w*{a®~x?) by solving v& = —w’x
know the meaning of the terms terminal velocity, escape
velocity and resistance per unit mass and solve problems
involving differential equations and incorporating any of
these terms or making use of F = €

This section can involve knowledge and skills from other
topics within this unit.



Main unit & Marks distribution Content Reference:

Outcome  Part Marks C AB Main Additional Source Page
2.2 (a) 3 3 224 2.2.1 1996 SY5 Q1 1
2.2 (b) 2 2 223

1.2 (a) 3 3 1.2.4/6 1.2.5 1996 SY5 Q2 2
1.2 (b) 5 5 1.2.7/4 1.2.5

14 5 5 1.4.11/8 1.4.6/3 1996 SY5 Q3 3
24 4 2 243 1.4.3

2.1 4 4 2.1.3/4 1.4.3 1996 SYS5 Q4 4
21 1 1 2.14

23 5 3 233 1996 SY5 Q5 5
1.2 2 1.2.5 1.1.1

1.3 4 4 1.34 1996 SY5 Q6 6
1.3 6 1 5 1.3.9 1.3.5/4

1.3 5 5 1.3.9 1.3.6

2.5 8 8 2.5.2/3 2.5.1 1996 SY5 Q7 8
2.5 5 5 2.5.2/3 2.5.1

24 2 2 248

24 2 2 24.11 2.4.7/8 1996 SY5 Q8 10
2.4 6 6 24.11 2.13

2.4 2 2 2.1.3

24 5 1 4 24.11 213

2.5/4 3 3 2.5.2/5 2.5.1 1996 SYS5 Q9 12
25 7 7 253

2.5 5 5 253 2.5.1

22 2 2 226 14.1 1996 SY5 Q10 14

Mathematics: Mechanics
Additional Questions Bank (Advanced Higher) — Question analysis 1



Main unit & Marks distribution Content Reference:

Outcome Part Marks C A/B Main Additional Source Page
2.2 5 5 2.24 2.2.1 1997 SY5 Q1 15
1.1 (a) 5 4 1 1.1.5/6 1997 SY5 Q2 16
1.1 (b) 1 1 1.1.6

2.1 (a) 3 3 2.1.5/6 1997 SY5 Q3 17
2.1 (b) 3 3 2.1.7 2.13

1.2/4 6 4 2 1.24/244 1.1.7 1997 SY5 Q4 18
1.2 7 5 2 1.2.7/3 1.2.2 1997 SY5 Q5 19
13 (a) 5 5 1.3.6 1.3.1 1997 SY5 Q6 20
1.3 (b) 6 6 1.3.9/6

1.3 (© 4 4 1.3.9/6

2.5 (a) 3 3 2.5.5 1.4.1/11 1997 SY5 Q7 23
2.5 (b) 2 2 252 1.4.11

2.5 (c) 5 5 253 2.5.1

2.5 (d) 5 5 253 2.5.1

23 (a) 3 3 233 1997 SY5 Q8 26
2.4 (b) 8 8 24.11 24.7/8,2.1.3

2.4 (c) 4 2 2 24.11 2.4.6/2.1.3

1.4 (a) 3 3 1.4.3/6 1.4.5 1997 SYS5 Q9 29
1.4 (b) 6 6 1.4.11/3 1.4.6

14 (c) 6 2 4 1.4.11/3 1.4.6

2.2 (a) 2 2 2.26 225 1997 SYS Q10 31
2.2 (b) 3 3 2.2.7 1.4.8/1.1.4

2.2 3 3 2.2.2/3 2.2.1

Mathematics: Mechanics
Additional Questions Bank (Advanced Higher) — Question analysis 2



Main unit & Marks distribution Content Reference:

Outcome  Part Marks C A/B Main Additional Source Page
2.1 3 3 2.1.5/6 2.1.7/3 1998 SY5 Q1 33
24 2 2 2.4.5 1.4.1 1998 SY5 Q2 34
2.4 3 3 245 1.4.11

1.2 6 6 1.2.4/7 1.2.2/6 1998 SYS Q3 35
1.4 6 6 1.4.3/6 1.4.11/5 1998 SY5 Q4 36
23 3 2 1 2.3.2 1998 SYS5 Q5 37
2.1 7 5 2 2.1.3/4 1.4.3 1998 SYS Q6 38
1.3 (a) 3 3 134 133 1998 SY5 Q7 40
1.3 (b) 6 6 1.39 133

1.3 (c) 3 1 2 1.39 134

1.3 (d) 3 1 2 1.39 134

2.5 (a) 2 2 252 25.1 1998 SYS Q8 42
2.5 2 2 255

2.5 (b) 7 1 6 253

2.5 (c) 4 1 3 253 2.5.1

2.4 (a) 5 5 24.11 2.4.6/3 1998 SY5 Q9 44
24 (b) 2 2 24.11

2.4 (c)(1) 3 3 2.4.11

24 {c)(ii) 5 h] 24.11 1.34

2.2 (a) 2 2 228 1998 SY5 QI0 47
2.2 (b) 7 7 2.2.6/8

2.4 (c) 3 3 248

24 (d) 3 2 1 248

2.5 (a) 3 3 254 2.5.1 1998 SY5 Q11 49
2.2 (b) 6 4 2 2.54 2.5.1,2.28

Mathematics: Mechanics
Additional Questions Bank (Advanced Higher) — Question analysis 3



Main unit & Marks distribution Content Reference:

Qutcome  Part Marks C AB Main Additional Source Page
1.1,1.2 5 5 .17 1.14,124 1999 SY5 Q1 50
2.2 6 1 5 2.2.3/4 2.2.1 1999 SY5 Q2 51
1.2 4 4 1.2.4/7 1.2.1 1999 SY5 Q3 52
1.4 6 6 1.4.3/4 1.4.11 1999 SYS5 Q4 53
23 (a) 3 3 233 234 1999 SY5 Q5 54
2.3 (b) 2 2 234 1.2.5
2.1 4 4 2.1.3/4 1.4.6 1999 SY5 Q6 55
1.3 (a) 4 4 1.3.6 1.3.1 1999 SY5 Q7 56
(b) 4 4 1.3.6/9
(©) 5 5 134
(c)(ii) 2 1 1 134
2.4 (a) 4 2 2 2.4.5 14.1 1999 SY5 Q8 58
2.5 (b) 6 1 5 2.5.213 255
2.5 (©) 5 1 4 2.5.213
2.4 (a) 6 6 24.11 2.4.6/2.1.3 1999 SY5 Q9 60
2.1 (b)(1) 3 2 1 2,13
2.4 (b)(i1) 3 2 1 24.11
2.4 © 3 3 2.4.11 2.4.7/8
2.1 (a)() 3 3 2.1.5 2.5.1 1999 SY5 Q10 62
25 (a)(ii) 7 7 253 2.5.5
2.1 (b) 5 2 3 2.1.6/5 2.1.3/7

Mathematics: Mechanics
Additional Questions Bank (Advanced Higher) — Question analysis 4



Main unit & Marks distribution Content Reference:

Outcome  Part Marks C AB Main Additional Source Page
1.4,1.1 4 4 1.4.6 1.4.5 2000 SY5 Q1 64
1.4.8 1.49
1.1.5
2.2 3 3 224 221 2000 SY5 Q2 65
2.2 2 2 2.24
2.1 5 5 2.1.6/5 2.1.3/7 2000 SY5 Q3 66
2.1 4 4 2.14 2.13 2000 SYS Q4 67
143
2.4 3 3 243 2000 SY5 Q5 68
1.2 (a) 4 4 1.2.4/2 1.2.5/1 2000 SY5 Q6 69
1.2 (b) 2 2 1.2.412 1.2.5/1
1.2 (c) 3 3 1.2.7 1.2.5
13 (a) 6 6 1.3.3/6 1.3.1 2000 SY5 Q7 70
1.3 (b)(i) 4 4 134
1.3 (ii) 5 5 1.3.9 1.34
2.4 (a)(i) 6 6 24,11  24.6/10,2.1.3 2000 SY5 Q8 72
2.4 (a)(ii) 2 2
24 (b) 5 1 4 2411 24.6/102.1.3
24 (c) 2 2
2.5 (a) 8 3 5 2.5.2/3 255 2000 SY5 Q9 75
25 (b) 7 1 6 2.5.2/3
14 (a) 4 4 1.4.6 143 2000 SY5 Q10 77
1.4 (b)(i) 3 3 1.4.6 1.43
1.4 (b)(i1) 8 1 7 14.11 145
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Additional Questions Bank (Advanced Higher) — Question analysis 5






A particle performs simple harmonic motion in a straight line between points
A and B with period 0-6 seconds. Initially it was projected from C, the

midpoint of AB, with speed % m s~ towards B.

Calculate
(a) the length of AB, and 3
(b) the time taken by the particle to move directly from C to D, the
midpoint of CB, 2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 2.2 3 2.24 2.2.1 1996 SY5 Q1
(b) 2 2.2 2 2.2.3
@) Max. velocity wa = % 1
27 27 107
Period, — = 0-6 = = — = — 1
% Y06 3
7 3
a= g‘ X "i—é';; = 006 m
AB = (012 m 1
(b) 003 = 006 sin -l-gﬁt 1
=> sin 10—”1‘ = (-5
3
0r
6
= t = 005 seconds 1
Mathematics: Additional Questions Bank {(Advanced Higher)-Mechanics 1




A particle P has position vector rp = (¢ + 1)%i — 3(¢ ~ 3)j, where ¢ is the
time in seconds and i, j are the unit vectors in the directions of rectangular
axes Ox and Oy respectively. A second particle Q has acceleration 4j. At time
t = 0, the particle Q has velocity 6i + 4j and position vector —2i — 30j.

(a) Show that the particles are always moving at right angles to each other. 3
(b) Show that the particles collide, and calculate the time and position at
which the collision occurs. 5
level Content Reference:
part marks Unit C AB Main Additional Source
(a) 3 1.2 3 1.2.4/6 1.2.5 1996 SY5 Q2
(b) 5 1.2 5 1.2.7/4 1.2.5
(a) rp = (¢ + D2 - 30 - 3)j
Fp =20+ 1i-3 1
fq = 4j
o = 61 + 40t + 1)j 1
Fplg = 2(t+ 1) x6 -3 x4(t +1) = 0
= Fp is perpendicular to kg 1
(b) ro = (6t — 2)i + (27 + 4r - 30)j 1
Equating coefficients
(t+ 1) =6t-2 (A) L
=3(t -3) =2 + 4 - 30 (B)
Solving quadratics
FromA,r = lor3
From B,t = 3or -4 1
t =3 1
I'p = Tg = 16i 1
Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics 2




A block of mass m kilograms is projected with speed v m s~ up a line of
greatest slope of a rough plane inclined at an angle a to the horizontal. The
coefficient of friction between the block and the surface of the plane is u. The

block travels a distance s metres up the plane before coming to rest.

Find an expression for s in terms of v, a, 4 and g, where g is the magnitude

of the acceleration due to gravity. 5
Show that the work done against friction is
_ 2
2(u + tana)
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.4 5 1.4.11/8 1.4.6/3 1996 SY5 Q3
4 24 2 243 143
N —mgcosa =0 1
ma = —=F — mgsina 1
ma = —umg cosa — mg sina
a = —glucosa + sina) 1
0 = —2g(ucosa + sina)s 1
2
s = v - 1
2g(u cosa + sina)
Work done = cosa X v 1
e 2g(u cosa + sina)
B umv? {
2{u + tana)
Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics 3




A particle of mass m is attached by a light inextensible string to a fixed point
Q. The particle moves in a horizontal circle whose centre is a distance &
vertically below O. Derive an expression for 4 in terms of w and g, where w
is the angular speed of the particle and g is the magnitude of the acceleration

due to gravity. 4
What is the effect on & of doubling the angular speed? 1
level Content Reference:

part marks Unit C A/B Main Additional Source
4 2.1 4 2.1.3/4 1.4.3 1996 SY5 Q4
1 2.1 1 2.14
Tcos@ —mg =0 1
r = htané 1
mw’h tan® = T sin @ 1
ma’htan® T siné
mg T cos8
8
h == 1
w?
w = 2w
W 8 _ &
(2w)? 4t
1
K =-h 1
4
Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics 4




In vehicle safety trials, a car of mass 1200 kilograms and a van of mass 2000
kilograms were made to crash into each other on a skid-pan. The two
vehicles locked together and moved on as one combined mass.
Before impact, taking the x-axis as the direction of the car, the velocity of the
car was 18i m s! and the velocity of the van was (5i + 12j) m s}, where i,
are the unit vectors in the directions of the rectangular axes Ox and Oy

respectively.

Given that friction can be ignored, calculate the speed and direction of the

combined mass immediately after the crash. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 23 3 233 1996 SYS Q5
1.2 2 1.2.5 1.1.1

1200 x 18t + 2000(5i + 12j) = 3200v

Speed

Direction is at an angle tan™" {

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

60
]

) = 37.2° with Ox.

%(79i + 60j)

1 for correct equation
1 for substitution

1
g‘/792 +60% = 124 ms”

1




A particle is projected with speed V at an angle a above the horizontal.
Derive an expression for the range of the particle on a horizontal plane in
terms of V, a and g, where g is the magnitude of the acceleration due to

gravity.

A cricketer can throw a ball a maximum range of 60 metres to the wicket-
keeper. Given that the ball is released from a point 1-5 metres above the
ground and caught at the same height, calculate the speed with which it is
thrown and the maximum height reached above ground level. (Air resistance

may be ignored.)

How much further horizontally will the ball travel before striking the ground
if the wicket-keeper fails to make contact with the ball?

level Content Reference:
part marks Unit C A/B Main Additional Source
4 13 4 134 1996 SYS5 Q6
6 1.3 1 5 1.3.9 1.3.5/4
5 1.3 5 139 1.3.6
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r = Vcosat

0 = Vsinat—%gt2 1
2V si
- sin a {
8
r = Vcosar x 2V sina
8
V2sin2
_ sin 2a {
8
2
Max. rangf-:,L = 60 1
g
V = 14/3 = 242 ms™ 1
Either Or
0 = (V sin45°% — 2gh 2| 0 =Vsinds — gt 1
p = 208 t = 1-75 sec 1
2¢ h =242 x 175 — 0:5 x 9.8 x 1.75°
= 15m 1 = 15(or149) m 1
Max. height = 16:5 (16-4) metres 1
; 1 2
-1-5 = 242 sin45°t — 3 x 98¢ 1
49¢ - 1715t - 1.5 = 0 1
t = 3-59 seconds 1
Distance = 17-15 x 3-59 = 61.5 metres 1
The ball travels 1.5 metres further. 1
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A body of mass m falls from rest to the ground under constant gravity from a
height h. It experiences a resistange of kv? per unit mass, where & is a positive
constant and v is the speed at time ¢, Show that the speed V with which the
body strikes the ground is given by the expression

vV = J-ii(l )

where g is the magnitude of the acceleration due to gravity.

Given that the body rebounds from the ground with the same speed V with
which it struck the ground, and that it experiences the same resistance as
before, find an expression in terms of V, k and g for the height to which the
body rises.

Show that the energy lost by the body in falling once and rising once is equal
to

%;E In -—--——-—--gz —g2k2V4 .
level Content Reference:
part marks Unit C A/B Main Additional Source
8 2.5 8 2.5.2/3 2.5.1 1996 SY5 Q7
5 2.5 5 25273 2.5.1
2 24 2 248
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mva = mg — mkv’ 2
d
vd—; =g- k'
h v d
. dx = -[o p v_ I‘:vz 1 for limits
1 for rearrangement
h o= [—i In(g - sz)]v 1
2k 0
_ 2
_ ___1__1 g — kV 1
2k g
L7y
8= _ ok
g
g — kV? = ge 1

W = g1 - o™

N Tr— 1

mv% = -mg — mkV’ 1
v% = —(g + kY
I:'dx = _J':g:-d:vz 2
h = %[ln (g + kvz)]g 1
2
_ % ln(g +ng ) 1
Loss in energy = mgh — mgh’

- mg{zikl - ;—k in £ +ng2} 1
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A toy car runs on a track, which is ;assumed to be smooth and to lie in a
vertical plane. The track slopes down from a point A at height /4 above the
floor. The track reaches the floor at point B, after which it enters a circular
loop of radius r with BC as its vertical diameter, before levelling out after
passing B again.

C

A

B
A car of mass m is released from rest at A. Find an expression for its speed

at B. 2
Given that 4 = 2r, find an expression in terms of m, g and 8, for the normal
reaction between the track and the car, where # is the angle between the
radius to the car and the downward vertical and g is the magnitude of the
acceleration due to gravity. 6
Hence find the height above the floor of the point at which the car loses
contact with the track. 2
The height of the point A is now adjusted to enable the car to complete the
vertical circle on release from rest at A. Find the least height by which A
must be raised, and the corresponding speed at C. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
2 24 2 2411 2.4.7/8 1996 SY5 Q8
6 24 6 24.11 2.13
2 24 2 2.1.3
5 24 1 4 24.11 213
Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics 10




—mu® = mgh

ut = 2gh

1 1
~2—mv2 + mgr(l — cosf) = Emu2

V¥ o= 4or — 2gr(1 — cos6)
= 2gr(l + cos#)
mv?

r

fl

R — mg cos®

=
i

2mg(l + cosf) + mg cos@

mg(2 + 3 cos6)

WhenR = 0,cos8 = —3%
height= r + %r = 3r

2
At C, o - mg
r
2
v = gr
V = speed at B
i 1
EmV2 = mg X 2r + —2—mv2
V? = Sgr
1 2 ’
At A,EmV = mgh
5
W o= —r
2

The height is increased by 4r.

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics
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A locomotive, having mass 100 tonnes and travelling on a horizontal track,
works at a constant power of 1600kW. It experiences a resistance of
magnitude 1000v newtons, where v is the speed of the locomotive in metres
per second. Show that a differential equation for the motion is

dv _ 1600 - v 3
dt 100v
Given that the locomotive starts from rest, derive an expression for v in terms
of t. 7
2 20 20
Given that 160(; —z = 20— + 0+ - 1, find an expression in
terms of v for the distance travelled in reaching that speed. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
3 2.5/4 3 2.5.2/5 2.5.1 1996 SY5 Q9
7 2.5 7 253
5 2.5 5 253 2.5.1
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Z-F-R 1
T
= F_ 1000v 1
v
. 6
105d_v = M - 10°v
dt v
dv _ 1600 - »* {
dt 100v

' v 100vd
-[o dt = I vay 1 for limits

0 1600 — v

1 for manipulation

[=50 In (1600 — »2)]; - for technique of integration

b 3
]

1 for evaluation

1600
=501 (—)
"\ 1600 - 2 1
1600 — v* = 16002 1
v = 1600(1 - ™)
v = 401 — ¢/ 1
dv _ 1600 — »? .
Var 100y
x v 10042
Ddx—_fo—m-_léoo_vadv 1
v( 20 20
x_100j0[40_v+40+v-1}dv 1
= 100[-20 In (40 - v) + 20 In (40 + v) — v]} 1
40 + v
= 2000 1 ( )—
0 In o 100v 1
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A particle of mass 0-025 kilograms is attached to one end of a light spring of
natural length 025 metres and stiffness constant k. The other end of the
spring is attached to a fixed point O and the particle hangs in equilibrium at

the point E, which is 0-299 metres vertically below O. Find k. 2
level Content Reference:
part marks Unit C A/B Main Additional Source
2 2.2 2 2.2.6 1.4.1 1996 SY5 Q10
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The maximum speed of a particle executing simple harmonic motion is
13 centimetres per second. When the particle has moved 15 centimetres from
its centre of oscillation, its speed is 12 centimetres per second.

Calculate the period and the amplitude of the motion, 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 2.2 5 2.24 22.1 1997 SY5 Q1
Maximum speed = aw = aw = 0-13 1
2 2( 2 2
Vo= w (a - x)
2 2 2 2 2
vV = dw -xw
2 2 2 2
Xw =dw —v
o = aw* —
X
_ 013 - 012> 1 1
0-15° 9
1
= = — 1
“73
2x
= T = — = 6m seconds 1
w
a=E=039m=39cm 1
w
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A fish is held out at the top of a ladder at a height of # metres above the water
surface of a pool. A seal rises vertically from the water, directly below the
fish, with an initial speed of u metres per second. The fish is dropped at
exactly the same instant as the seal emerges from the water. Given that the
seal is still rising when it catches the fish, show that:

@ u > \/g_h, where g is the magnitude of the acceleration due to gravity; 5
(b) the seal catches the fish at a height of

h(l - gh)metres

28
above the water surface of the pool. 1
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 5 1.1 4 1 1.1.5/6 1997 SY5 Q2
(b) 1 1.1 1 1.1.6

(a) f = position of fish; s = position of seal

f=-g §=-g
f=-gt+ec §5=—gt+u
whent = 0,f =0 = ¢ =0 s=—dgf +ut+d
f=—g when r=0,5=0=>d=0
f=-4g+h 1 s=~tgf +ut 1
Fish caught whenf = s —dgt* + h = e + ut
= t =fl- 1

u
velocity of seal

H

§

=u-gt
For this to be positive
u > gt 1
u u
= o> gh

= u>@ 1

h
() Substitute t = —intof ors
u

l 5
= ——gt" + h
f 580 *
1 K gh
2 827 h 2u? 1
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A satellite moves in a circular orbit around a planet in the plane of the
planet's equator and at a height of 600 kilometres above the surface of the
planet. The magnitude of the acceleration due to gravity at the surface of the
planet is 11-2 m s72 and the radius of the planet is 8600 kilometres.

(a) Given that Newton's inverse square law of gravitation applies, calculate
the magnitude of the gravitational acceleration experienced by the

satellite. 3
(b) Find also the time taken by the satellite to complete one orbit. 3
level Content Reference:
part marks Unit Cc A/B Main Additional Source
(a) 3 2.1 3 2.1.5/6 1997 SY5 Q3
(b) 3 2.1 3 2.1.7 2.13
(a) At surface
GMm
mg, = e
= GM = ng2 1
where g, is the gravitational field strength on surface of planet and R is
the radius of the planet.
At satellite mg; = GMm
2
R
8 = g};z 1
11-2 x 8600 0002 2
= = 9.79 1
9200 0002 > ms
(b) mrat = Gﬂ/i'm 1
r
2
2 &K
w = 3
(231 )2 &R
i) [ 1
T r
4n* g R
T2 T P
T 4n*r?
g R
47* x 92000007
= = 3711482
112 x 86000002
T = 6092 seconds 1
= 101-5 minutes
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A body of mass 2kg starts from rest at the origin. It moves in a horizontal
i m s, where 7 is the time in seconds
from the start of the motion and i is the unit vector in the direction of motion.

Find the work done by the total force acting on the body during the interval

straight line with acceleration (6 — 2¢)

in which the body moves from rest to its maximum speed. 6
level Content Reference:
part marks Unit C A/B Main Additional Source
6 1.2/4 4 2 1.2.4/24.4 1.1.7 1997 5YS5 Q4
P = (6 - 2ni
F = (6t—t2)i+c
whent =0, r=0=¢ =0
P = (6t = Pi 1
Maximum speed occurs wheni¥ = 0
= 6 -2t=90
2t = 6sot = 3 seconds 1
Work done = I Fdx = I F— dt
3
= f Fv dt 1
0
F =mf = 2(6 - 2ni 1
v=r = (60 -F)i
3
W = IOZ(6 ~20(6t - Aar
3
= f02(361 - 187 + 269 dr
1 3
= 21:18t2 ~ 6 + —t“] 1
2 Jdo
= 2162 - 162 + 405] = 8117 1
[Using change in KE, perhaps commoner, would then involve 2.4.9
rather than 2.4.4.]
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A fishing boat sails from a harbour on a bearing of 060° at a constant speed
of 26 kilometres per hour. A cargo ship is sailing on a bearing of 030° at a
constant speed of 18 kilometres per hour. The fishing boat leaves the harbour
at noon, at which time the cargo ship is 10 kilometres due East of the

harbour,
Calculate the time at which the two vessels will be nearest to each other. 7
level Content Reference:
part marks Unit C A/B Main Additional Source
7 1.2 5 2 1.2.7/3 1.2.2 1997 SYS5 Q5
N N
- 309
60° .~ 26km i 18 km b
10 km
v; = velocity of fishing boat vy = velocity of cargo ship
= 26 sin 60°1 + 26 cos 60°j = 18 sin 30°% + 18 cos30°%j 1
= 22.52i + 13j = 9 + 15-5j
re= (2252t + )i + (13t + d)§
ro = (9% + e)i + (1559t + f)j
whent = 0, r, = 0 and r. = 10i
= c=d=f=20 and e =10
rp = 2252¢0 + 13tj 1. = (9t + 10)i + 1559 1,1
f¥c = position of f relative toc
=r; —r. = (13:52t — 10)i - 2-5%¢] 1
| e[ = 182794 - 270-4¢ + 100 + 671¢
= 189:50¢ - 270-4¢ + 100 1
d|r. 2
—lf——-l— = 3790t — 2704 = 0 1
dt
=t = % = 0-713 hours = 42.8 minutes
Time of nearest approach is = 12.43 pm. 1
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A particle is projected from a point O at the top of a hill, with speed u at an
angle a above the horizontal, and moves freely under constant gravity.

(a) Given that Ox and Oy are rectangular axes as indicated in the diagram
below, show that the trajectory of the particle has equation

tan g

= ytana — =—r——0,

y 2u? cos?a

where g is the magnitude of the acceleration due to gravity.
y 4

The hill is modelled by the curve OA, with equation y = —_;;2—0, and the
horizontal plane, AB, below the hill, is modelled by the line y = —#A, where

h
is the height of the hill.

(b) A particle is projected from O at an angle a above the horizontal such

that tana = 3 The initial speed of projection, in metres per second, is

1/975g. The particle hits the plane AB at A. Show that the height of the
hill is 834 metres.

(c) A second particle is frojected from O at an angle # above the horizontal
such that tanf® = —. The initial speed of projection, in metres per

second, is now 1/325g. The particle hits the plane AB at B. Calculate the
distance from A to B.

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 5 1.3 5 1.3.6 1.3.1 1997 SY5 Q6
(b) 6 1.3 6 1.3.9/6
(c) 4 1.3 4 1.3.9/6
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(@ Po=Xi+5yj=-g}

=0 y=-8

r=c y=—gt+d
whent = 0, % = ucosa whent = 0,y = usina

= ¢ = ucosa = d = usina

X = ucosa ¥y = —gt +usina

X = utcosa + e y = —bgt* + ursina + f
whent = 0, x =0 = e =0 whent =0,y =0 = f =0

X = ut cosa 1 y = utsina — }gr?

¢ = X
i cosa

y = utsina - ig’

= u a sin a L X

Y ucosa 2 g u? costa
= xtana gx

J 2u? costa

(b) Coordinates of A= (x,y) = (x, —h)andy = %%

2
h——ﬁﬁx-—v'ISOh

Thus A is (v/750h, —h).
Substituting into

/\\/2_6/r] y = xtana - ﬁwhcm tana = %
[24
5 _3 2, 2 4,298
cosa—\/2_6:>cosa—26andu =2
Hence
h = V750h 2 750h
5 2xExH
78000 8
= \V30h - ——h = V30h — =h
48750 5
%h = V30h
9.2
25h =30h h=#0
soh = 30 ; 25 83t m

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics
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(c) Want to find x coordinate wheny =

2
This means 12 = 325gsotanf = 3 = cos’@ =

1

—88—- =
3

1

88— =

3

—-37500 =
£ — 300x — 37500 =

X =

Must be positive and so is 395.

Previous x = /750 x 834 = 250.

-881.

9
E.
2 gxt x 13
3% T 2 x 325g x 9
2,
3

X

450
300x — ¥
0
300 1

=5 % 5\/90000 + 4 x 37500

150 + %\/240000

150 £ 245 = —95 or393

So the distance from Ato B = 395 - 250 = 145 metres.

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics
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A sledge and rider have a combined mass of 112 kg. In a test run, the sledge
and rider are free to move in a straight line down the line of greatest slope of
a hill, inclined at angle a to the horizontal, such that sina = 0-22. When
moving with speed v ms™' the sledge and rider experience a resistance
whose magnitude, measured in newtons, is given by

F(v) = 78 + 028/,
(a) Find the terminal speed of the sledge and rider.
(b) Show that the magnitude of the acceleration of the sledge and rider, in

ms=2, is 200 (V2 - vz), where V m s7! is the terminal speed.

(c) Show that the sledge and rider will travel a distance 200 In % metres from

. 2 -
rest, down the slope, before acquiring a speed of §V ms .

(d) Show also that the time taken to reach this speed is approximately
13-3 seconds.

1 1
dv=—1I1
at -2 v 2a-n

atv

[You may assume that J'

+ ¢, where g > O.]
a-v

level Content Reference;

part

marks Unit C A/B Main Additional Source

(a)

3 2.5 3 255 1.4.1/11 1997 SY5 Q7

(b)

2.5 2 2.5.2 1.4.11

(c)

2.5 5 253 2.5.1

(d)

Lh| Lal o

2.5 5 2.5.3 2.5.1
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F () N

mg

(a) Resultant force = mg sina — F (v).
Maximum speed is reached when the resultant force is zero.

mgsina - F(v) = 0

mg sina = 78 + 0-28V* 1

mg sina — 78

V = | —/——————

\/ 0-28
{112 x 98 x 022 - 78 -1l
= \/ 033 = 242 ms 1
The terminal speed is 24-2 m s7'. 1
(b) ma = Fres

ma
ma

ma

a

(©)

mg sina — F(v)
mgsina — 78 — 0-28v
028V% — 0.28y*

028 2 o _ 028,
- (V v)— 112(V v)
1 2 2
400(V )

— In| V? 2= 2y
nl v| 200 c
Whenx = 0,v = 0 = ¢ = -4 InV?
1 2 2 X 1 2
— In|V" - = — — —1nV
3 ol V=2
X 1 2 1 2 2
— = —InV" — —In{V" -
400 2" al V|
VZ
x=2001nm
Given that v = 2V then
’)
9
x = 200 In vz_-ﬁﬁ = 200 lng metres
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(d)

f

whent=0,v=0:>c

Given thatv = %V

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

_ 2_2
a—400(V v)
dV 1 2 b3
— = —(V* -
dr 400( V)
1 fl
v = Jan®
|V+v_ t + e
|V—v 400
=0
200l |V+v
V -y

200 |V +3V| _ 200
v o [v-w Vv
200

YT In5 = 13-3 seconds

25



A game of “conkers” is modelled by considering a chestnut to be a particle of
mass m attached to one end of a light inextensible string of length a. The
other end of the string is attached to a fixed point O and the chestnut hangs in
equilibrium at A, vertically below O.

M A"

The chestnut at A is struck horizontally by a second chestnut of mass M.
After the collision, this second chestnut continues horizontally at three fifths
of its speed, V, just prior to the collision, while the original chestnut has an
initial horizontal speed u.

(a) Use the conservation of linear momentum to find # in terms of V,m and
M.

Consider two chestnuts for which m = 16 grams and M = 20 grams.

(b) Show that the chestnut which was initially in equilibrium will execute a
complete circle about O provided that

V 2 20ga,

where g is the magnitude of the acceleration due to gravity.

(c) Given that V = +f16ga, the tension in the string becomes zero at position
2
B. Show that cos AOB = -3 and find the speed of the chestnut at B, in

terms of g and a.

level Content Reference;

part

marks Unit C A/B Main Additional Source

(a)

3 23 3 233 1997 SY5 Q8

(b)

8 24 8 2.4.11 2.4.7/8,2.13

()

4 24 2 2 2.4.11 2.4.6/2.1.3
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(a) MV +0 = M¥V + mu
MV
mu—T
M
“7 Sm

(b) Energy equation
Ep + Ey = constant
mgh + tmv* = Imu® + 0
mga(l - cos@) + tmv? = imu

Vo=l + 2ga(cos® — 1)

A
h
\4
A
Radial equation
T — mg cosf = ﬁ
a
T - mgcos@ = %(u2 + 2ga(cosf — 1))
2
= 2 4 2mg(cos - 1)
a
2
T = i + mg(3cos @ ~ 2)
a
Complete circles if 7 > 0 whencosf = —1 (68 = 180°).

mu2

— + mg(3cosfd - 2) 2 0
a

2
o o mg(-3-2) >0
a

Giventhatm = 16and M = 20

u = —V = = =V
Sm 5 x 16 2
V2
= — = 5ga
4
V: > 20ga
v: > 20ga
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(c¢) IfV? = 16gathenu® = 4ga.
Use the radial equation when 7 = 0.

mu?

— + mg(3cos® —2) =0

4mg + mg(3 cos@ -2)=0
4 +3cosf-2=20
3cosf = =2

cos@ = —% ie. cos AOB = —%

Use the energy equation to find the speed at B.

vV o= u? + 2ga(cosd - 1)

2
dga + 2ga(-§ - l)

.i
|
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A block of wood of mass m is placed on a rough inclined plane, the
coefficient of friction between the block and plane being 10

(a) Find the angle at which the plane must be inclined to the horizontal for
the block to be on the point of slipping down the plane.

(b) With the plane inclined at this angle, a force, P, is applied horizontally to
the block as shown in the diagram below.

P

Given that the block is now on the point of slipping up the plane, show
that the magnitude of P is

60
o1 meg,
where g is the magnitude of the acceleration due to gravity. 6
(c) With this force P still applied horizontally, calculate the size of the angle
at which the plane must be inclined to the horizontal for the block to be
once more on the point of slipping down the plane. 6
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 14 3 1.4.3/6 1.4.5 1997 8Y5 Q9
(b) 6 i4 6 1.4.11/3 1.4.6
(c) 6 1.4 2 4 1.4.11/3 1.4.6
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(a)

mg
Resolving forces parallel to the plane  mg sind = F (a)
and perpendicular to the plane mg cosA = N f2))
mg sin A F
+ = — tand = —
(@ = §) = mgcosi N = tan N

But in limiting equilibrium F

uN.

uN
tand = — = tand
an N an

(b)

Resolving parallel to plane Pcosd = mgsind + F
= F = Pcosd — mgsini

Resolving perpendicular to plane N = mg cosd + P sini
3 F P cosd — mg sind 3
F=—N= —= = -
10 N mgcosd + Psini 10

3 _P-mgtnl P -mgx03
10 ~ mg + Ptani mg + P x 03
3 10P - 3mg

10 10mg + 3P

100P — 30mg = 30mg + 9P
9l1P = 60mg = P = g(llmg
(c) Resolving parallel to plane Pcosa = mgsina - F

Resolving perpendicular to plane N = mg cosa + P sina

F = 5% P sodividing
3 mgsina — Pcosa  mgtana - P

10 mg cosa + Psina B mg + Ptana
3mg + 3P tana = 10mg tana — 10P

180
P = —gmg = 3mg + img tan @

600
10 - —
mg tan a o1 ™8

91 91
= 273 + 180 tana = 910 tana - 600
273 + 600 = (910 - 180) tana
873
1. = — == .1°
an a 730 =« 50-1
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Large springs for shock absorbers are tested at a research laboratory. A body
of mass 50kg is suspended from a test spring of natural length 0-80 metres,
which has the other end attached to a fixed horizontal surface.

(a) Given that, when in equilibrium, the body extends the spring by
0-14 metres, find the modulus of elasticity of the spring.

(b) The body is now pulled 0-20 metres vertically down from its equilibrium
position and then released from rest. Take y metres as the vertical
displacement of the body from its equilibrium position, ¢ seconds after
release, Show that, when all resistive forces are ignored,

d*y

— + 70y = 0.

d Y

Hence find an expression for y in terms of ¢.

level Content Reference:

part

marks Unit C A/B Main Additional Source

(a)

2 2.2 2 226 225 1997 SY5 Q10

(b)

3 2.2 3 2.2.7 1.4.8/1.1.4

3 2.2 3 2.2.2/3 2.2.1

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

31




A
(@) T=—Z=bmg=il)-)

mgl 50 x 9-8 x 0-8

A= = = 2800 N
y 0-14
(b) ma = Fggs
d*y )]
— = - —(0-14 +
moa = Mg 1( »
_ A
dy A
ie. —-—= + —y =10
L dar mly
dzy
— + 70y =0
de? Y
2
d_xy2 = 70y

= SHM with @ = V70
The mass starts at an extremity soy = a coswt

y = 020 cosV70 ¢
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A satellite moves with constant speed in a circular orbit around the planet
Venus. The satellite is orbiting at a height of 400 kilometres above the
surface of Venus, whose radius is 6050 kilometres and whose mass is
4.9 x 10% kg.

Given that Newton's inverse square law of gravitation applies and that the
Universal Constant of Gravitation, G, is 6-67 x 107!} kg'1 s72, calculate the

speed of the satellite. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
3 2.1 3 2.1.5/6 2.1.7/3 1998 SYS Q1
m?  GMm
— = = 1
r r

[GM
Vo=
r
\/6-67 x 10711 x 4.9 x 10%

6450 000
7118 ms™ 1

7120 ms™ to 3 sig. figures
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A train of mass 80 tonnes is travelling at a constant speed of v metres per
second along a straight, level track against a resistance whose magnitude is
200v newtons. Given that the power at which the train's engine is working is

80kW, find the speed of the train. 2
What increase in power will be required foi the train to maintain the same
constant speed up a hill, inclined at sin™" 220 to the horizontal, against the
same resistance? 3
level Content Reference:
part marks Unit C A/B Main Additional Source
2 24 2 245 1.4.1 1998 SYS Q2
3 24 3 24.5 1.4.11
P
(@) FresuLtant = v 200V
0 = 220 _ 00w 1
1%
80 000
200V = ——
Vv
V=400 = V = 20ms" 1
(b) F =P el ooov
RESULTANT Vv m32 20
P 80000 x 9:8
0 = —=———7-—"7""-200x 20 1
20 240 g
0 = 12P - 784000 — 960 000
44
p=1200 _ 53w 1
12
Increase in power = 65% kW 1
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An arrow is fired with initial velocity vector 8i + 3j + 25k, where i, j and k
are the unit vectors in the directions of orthogonal axes Ox, Oy and Oz
respectively. The arrow is then subject to an acceleration —gk, where g is the
magnitude of the acceleration due to gravity. At the same instant as the arrow
is fired, an apple is projected from a tree with initial velocity vector 3i — j.
The apple is also subject to an acceleration —gk. Given that the arrow is fired
at time ¢t = 0, from the origin, and that the initial position vector of the apple
is 15i + 12j + 75k, show that the arrow strikes the apple and state the time of

the collision. 6
level Content Reference:
part marks Unit C A/B Main Additional Source
6 1.2 6 1.2.4/7 1.2.2/6 1998 SY5 Q3
a, = —gk
v = ci +dj + (—gt + e)k
when ¢ = 0, v, = 8i + 3j + 25k
= ve = 8i +3j+ (25 - gk 1
r. = (8 + i+ Bt + j+ (25 - 4 + )k
when ¢ = 0, r, =0
= r, = 84 + 3t + (25t - ek 1
ap = —gk
vp = pi + gj + (—gt + Nk
whent =0 vp = 3i —
= vp = 3i - j - gtk 1
rp = (3t + 8)i + (=t + wj + (~dgf? + vV)k
when t = 0, rp = 15i + 12§ + 75k
= rp = (3t + 19i+ (12 - Dj + (75 - $e)k 1
Therefore, the velocity of a relative to P, pr, is given by
pFa=Tp—T = (3t + 15)i + (12— nj + (75 - hgr¥)k) — (811 + 3¢j + (25¢ - Lgr?)k)
=(15=-5ni+ (12 -45j+ (75 - 25Hk 1
=0 when ¢ =3 1
The collision will be after 3 seconds.
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A block of wood of mass 5 kg is placed on a rough slope, inclined at an angle
of 30° to the horizontal. It is held in position by the action of a force P acting
parallel to the slope, as shown in the diagram below.

The coefficient of friction between the block of wood and the surface of the

slo is2
pe 5

Find the greatest and least values of the magnitude of P for the block to

remain stationary on the slope. 6
level Content Reference:
part marks Unit C Main Additional Source
6 1.4 6 1.4.3/6 1.4.11/5 1998 SY5 Q4

Friction acts either up or down slope.

Point of slipping down the slope:

Perpendicular to the slope: N = 5g cos30°

Parallel to the slope:

Point of slipping up the slope:
Perpendicular to the slope: N = 5g cos30°

Parallel to the slope:

Thus7:5 € P < 41-5.

Greatest force

Least force

P + F = 5g sin 30°
P + 2N = 5g sin 30° since limiting equilibrium 1
Hence P + #5g cos30° = 5g sin 30°

P
P

jg - V3g
75N

P = F + 5g sin30°
P = % 5gc0s30° + 5g sin 30°
Hence P = 3g + V3g

P = 415N
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A snooker ball of mass 150 grams is struck by a snooker cue. The magnitude
of the contact force, F(f) newtons, between the cue and the ball can be

modelled by the expression,

F(t) = 12sin(20m), 0 < ¢ < 0.05,
where ¢ seconds is the time from the start of the impact.

Given that the ball is initially at rest and assuming no spin is imparted to the

ball, calculate the speed of the ball 0-05 seconds after the start of the impact. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
3 2.3 2 1 232 1998 SY5 Q5

0-05
my — mu = JIO 12 sin 20xt dt

12 %
mvy — 0 = [——20” cos 20m]0
3
mv = ——(cosm — cos0)
S
015y = —— (-1 - 1)
Sn
6 -1
y = X 01 255 ms
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An inextensible string of length 70 centimetres is attached to two fixed points
A and B, where B is 50 centimetres vertically below A. A smooth ring, C, of
mass 100 grams, is free to slide on the string. The ring is pulled aside until
the string is taut. The ring is then projected so that it moves in a horizontal
circle about the line AB, with constant angular speed, as indicated in the

diagram.

A

Given that AC is 40 centimetres, calculate the angular speed of the ring. 7
level Content Reference:
part marks Unit C A/B Main Additional Source
7 2.1 5 2 2.1.3/4 143 1998 SYS Q6
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cosf =

sinf =

\‘Z_ C
mg
Horizontally
T cosf + T sinf = mret
3 4
T+ 5T = mra'
T = Zmra
e
Vertically
Tsinf =T cosé + mg
4 3
=T = =T +
55 T 5 T8
1
ET =mg = T = dmg
5
= :;{—mrw2 = Smg
o =

r

but r = 40 cos8 =40><%=24cm

2 T8
= —> = 2858
= YT 5
w = 169 rads™
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A stunt driver is to attempt to clear a 22m wide ravine on a motor cycle. He
will drive off a ramp, inclined at angle a to the horizontal, on the edge of plane
A, and land on plane B. The driver and cycle are modelled by a particle being
projected from the top of the ramp with initial speed u, at angle a to the
horizontal, and then falling freely under constant gravity.

plane A

ravine

plane B

(a) Show that the greatest height, H, reached above the top of the ramp is

given by

u? sin’a

H =

2g

2

where g is the magnitude of the acceleration due to gravity.
(b) Show that the horizontal range, R, of the driver and cycle is given by

(1 + \{1 + E',
H

where F is the vertical height from plane B to the top of the ramp on plane

A.

R =

u? sin 2a

2g

(c) Given thatu = 15ms™, @ = 30°and & = 4 m, by how much will the
driver and cycle clear the ravine?

(d) At what height above the surface of plane B is the cyclist at the instant
when he passes over the edge of plane B?

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 1.3 3 1.34 1.3.3 1998 SY5 Q7
(b) 6 13 6 1.3.9 133
(c) 3 1.3 1 2 1.3.9 1.34
(d) 3 1.3 1 2 139 1.34
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(a) Horizontally: x = ut cosa Vertically:  y = ut sina — 1gf?

We need to find t wheny = 0.

y = usina — gt
0 = usina - gt
u sin a
I =
4
Substituting into the equation for the vertical motion
usina . 1 #?sina
H = u sing — -g———
g 27 g
H - Wsinfa  1Wsinfa  ufsinfa
g 2 g 28
(b) We wanttofind r wheny = -h.
ut sina — tgt* = —h
lgf —utsina —h =0
i 1
r =2 Sne . —\/uz sinfa + 2gh
8 8
The value of + must be positive so
- yna -I—Juz sina + 2gh
8 4
1
= —|usina + usinayfl + _2$h
g u? sinta
_ usma(l w1 _h_
g H
2 .
R = utcosa = 4 Sinacosa smacosa(l + 41 + E
g H
R - uzsin2a(1 oy h
2g H
(c) H - u? sin‘a _ 225 x sin® 30° - 287m
2g 2 x 98
R - uzsinZa(1 el s h
2g H
225 sin 60°( 4
= ——] ] 4+ ——] = 2532 m
2 x 98 2-87
The motorcyclist will clear the ravine by about 3-32 metres.
(d) X = utcosa
X 22
t = = = 1.69 second
U Cosa 15 cos30° nes

ut sina L ¢
28

-
Il

= 15 x 1-69 x sin30° — 49 x 1.69° = -1.32 m
Height above plane B = 4 — 1.32 = 2.68 metres.
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A body of mass m kilograms falls through a column of clear viscous oil.

NN

The forces acting on the body are its weight, an upward thrust equal to the
weight of oil that the body displaces and a resistive force of magnitude
8myv newtons, where v metres per second is the vertical speed of the body as it
is falling through the oil.

(a) Given that the weight of oil displaced is two-thirds of the weight of the

body, show that an equation of motion for the body is
y Q - 8v,
dy 3
where y metres is the vertical distance travelled through the oil and g is the

magnitude of the acceleration due to gravity in m s72, 2
Hence find the terminal speed of the body. 2
(b) Given that the body is released from rest below the surface of the oil, find
the vertical distance travelled through the oil by the body before it reaches
95% of its terminal speed. 7
(c) Find also the time taken, from rest, for the body to reach 95% of its
terminal speed. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 2.5 2 252 2.5.1 1998 SY5 Q8
2 2.5 2 255
(b 7 2.5 I 6 253
(c) 4 2.5 1 3 2.5.3 2.5.1
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mvdv m 2m .
@ - _ = 3 ’
dv g
— — = - 8
vdy 3 v
For terminal speed, the acceleration is zero.
0 =%-8v
_ £ _ . 1
v = 2 041 ms
(b) W g — 24v
dy
v
.[g—24vdv_.[dy
1 gf 1
_T L 8 gy =
Jl:8+8(3-24v):|v J‘dy
1 g
_Sv RS Inlg - 24v| = y + ¢
8
when y Y = ¢ ™ ﬂ|8|
_ & g _ l
T N PR Y e
95% of terminal speed = % x é%
19¢ 0
= —= = (3979
480 ms
8 g | 1%
H = 1 _
ence y o n - %& -
8 19g
= — 1n20 - ——
192 3840
g 19)
= —[In20 - —j} = 01
192(”1 0 -7 = 010m
(c) 3@ _ o
a8 v

(N
<
I

3
Jg—24v J‘dt

—%ln|g—24v| =t+c

whent=0,v=0=>c=—%lﬂg
1
t=-In 4
8 g - 24v
_ 19g _ 1 8
whenv = -oo ;_,-g-lng_—%&
= $1n20 = 0-37 seconds
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A particle of mass m is attached to one end of a light, inextensible string of
length a. The other end of the string is fixed at position O. The particle is
held at A, with the string taut and horizontal, and released from rest to move
in a vertical plane. At a point B, vertically below O, a thin, smooth rod is
fixed perpendicular to the plane of motion. When the particle is at the point
C, vertically below O, the string strikes the rod. This causes the particle to

move in a smaller circle of radius b, about the thin rod.

Aé a :O
]

- \ b

- hY
-

-
-

C

(a) In the subsequent motion show that the tension, 7', in the string is given by

2mga
b 2

T = mg(3 cosh - 2) +

where 8 is the angle between the string and BC and g is the magnitude of

the acceleration due to gravity.

(b) Show that the particle will complete a vertical circle about B if
2

bgga,

(c) Now consider the particular case where b = la.

(i) Show that, at the instant when the tension in the string becomes zero,

cosf = —,
3

where @ is as in part (a).

(i) Find, in terms of a, the greatest height above C reached by the

particle after the string becomes slack.,

level Content Reference:
part marks Unit C A/B Main Additional Source
(@) 5 2.4 5 2.4.11 2.4.6/3 1998 SYS Q9
(b) 2 24 2 24.11
(o)) 3 24 3 24.11
(c)(ii) 5 24 5 24.11 1.34
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(a)

(b)

(c)

Energy equation:
1
Emv + mgh = a constant

From the diagram

h =b-bcos® = b(l ~ cos8) 1
%mv2 + mgb(1 — cos®) = mga 1
v = 2ga — 2gb(1 — cos@) 1
Radial equation

2
T — mgcosf = %:—

Vo= -QT - bg cosé
m

Equating these expressions for v

ET — bgcos@ = 2ga — 2gb + 2gb cos @
m
b
=T = gb(3cosh - 2) + 2ga
n
T = mg(3cos® - 2) + 211;ga
For a complete circle, T > OforQ < & < 180°
2
= mg(3 cos180° — 2) + mEa 5 0
2mga > Smg
2a 2 5b
2
b < =
e

(i) Using the expression for 7 obtained in part (a) when 7 = 0 and
b =1ia
gives
2mga

mg(3 cosd — 2) + o = 0

3cosf -2 +4 =0

cosf = ——
3

(ii) Applying the expression for v* from part (a) when b =1a and
cosf = —%

Vo= 2ga — 2gb(1 ~ cos#)
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il

v = 2ga - ga(l - (--%))

3
5 1
2
Vi = 2ga — —ga = -
¥ Vertical component of velocity = v sina
na where cosa = % (andsosina = %),

Let £ be the vertical height gained after T = 0.
Energy conservation gives

a
mgh = tm? sin’a
- v? sin’a
2g
_Exg _ 5
2g 54
Height above B = b cosa + &
2 3 M
-l 202,
T34 M4
1 23 25
Height above C = — —a = —
eight above 2a + 54a 27a
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A mass m is suspended between two light springs AP and PB, of natural
lengths 2a and a respectively, as shown in the diagram below.

The two ends A and B are fixed, with B a distance 4a vertically below A. The
mass rests in equilibrium at position P. Spring AP has modulus of elasticity
mg and spring PB has modulus of elasticity 3mg, where g is the magnitude of

the acceleration due to gravity.

(a) Given that x, is the extension in spring AP and x, is the compression in

spring PB, show that

X1 — X = qa 2
(b) Show also that the ratio of the lengths of AP and PB is given by
AP _ 11 7
PB 3
(c) Show that the potential energy, E,, stored in a spring is given by
14,
T2
where 4 is the modulus of elasticity of the spring, / is its natural length and
x is the extension or compression of the spring. 3
(d) Find an expression, in terms of m, g and a, for the total potential energy
stored in the two springs. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 2.2 2 2.2.8 1998 SY5 QI10
(b) 7 2.2 7 2.2.6/8
(c) 3 2.4 3 2.4.8
(d) 3 24 2 1 2.4.8
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(a) (2a + x,) +{a-x) =4
3a +x1 - x = da
X — X = a
(b) Tl + Tg = mg
Axi | Aexz
11 lz
mg x| N Img xp
2a a

= mg

Hence Xy + 6xy = 2a

and from above X1 —X =a

S0 Tx, = a
a 8a
xz=3andx1=a+x2=7
£=2a+xl
PB a-x
2a + $a
- a-ia
_Fa_ 11
$a 3
(©) Ep=.|‘:%xdx
[1,12]’*’
“ 21t
11, |
BT TR
(d) EP=”12 14 »

— — +__

2, T L™

lmg » 13mg ,
224" T2
mg 64’  3mg @
4a 49 2a 49
_mga(64+6)_mgax70_ 5

4 \" 49 4 a9 T 147
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A particle of unit mass executes simple harmonic motion about a fixed point
O on a straight line, such that its displacement x from O at time ¢ is given by

the equation

where w is a positive constant.
(a) Show that its speed v at displacement x from O is given by the equation

o (@ - 1),

2
Vv

d_zx
de?

where a is the amplitude of the motion.

2

= —w'x,

(b) Given that its speed is V5 m s™! when its displacement from the centre of

is 18 m s, calculate the period and amplitude of the motion.

oscillation is -~ a metres, and the maximum magnitude of the acceleration

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 2.5 3 2.54 2.5.1 1998 SY5 Ql1
(b) 6 2.2 4 2 2.54 2.5.1,2.2.8
(a) ¥ = —wx
dv 2
V— = —'x 1
dx
Ivdv = J.—wzxdx
v = Lo + ¢ 1
whenv = 0,a = 0 = ¢ = i’
W = -io® + to’d®
Vo= o d® - X 1
(b) Vo= o (a2 - xz)
=
5= 2(a2 - — 1
¢ 9
J 2 o2
5= -~
5 aw
At =9 = aw = 3 1
aw’ = 18 1
2
aw 3
and a = §- = 2 = }-
w 6 2
i.e. the amplitude = 0-5 metres 1
and the period = 2_31: = Eseconds 1
pe w 3 '
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A particle moves along the x-axis with velocity, measured in m s™' given by

v = 2t(3 - i,

where i is the unit vector in the positive direction of the x-axis and ¢ is the
time in seconds from the start of the motion. Calculate the distance travelled
from the start of the motion until the particle is again at rest and find the

acceleration at the instant of coming to rest. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.1,1.2 5 1.1.7 1.14,124 1999 SY5 Ql
Particle at rest when f = 3. 1
dx 2
—-— = 6t - 2
dt
x=3 - +¢
when t=0,x=0=c¢c=0
2
So x = 3 - =F. 1
3
When t =3 x=3x9-=x27
= 27 - 18
= 9 metres. 1
)
dt
= (6 - 4ni 1
When t =3 a=6-12
= -6ms™ 1
Mathematics: Additional Questions Bank {Advanced Higher)~Mechanics 50




A particle describes simple harmonic motion. At an instant one eighth of a
period after the particle has been in an extreme position its speed is 2 m s~
and its acceleration has magnitude 8 m s2, Find the period and the amplitude

of the motion. 6
level Content Reference:
part marks Unit C A/B Main Additional Source
6 2.2 1 5 2.2.3/4 2.2.1 1999 SY5 Q2
X = aw coswt
X = —aw sin wt
% = —aw’ coswt 1
Whenwt = } x 2n = % 1
2 = awsin} and 8 = aw? cosd 1
aw = 2V/2 aw? = 82
as _ 82 1
aw  2\2
w =4
. 2 =
Period, T = — = — seconds 1
w 2
2v2 1
Amplitude, = — = —= = 0707 1
mplitude a ” NG m
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Two aeroplanes P and Q, travelling with constant velocities, are observed on
radar monitoring equipment from a communications centre. The
communications centre is taken as the origin, O, of a system of orthogonal
axes Ox with unit vector i, Oy with unit vector j and Oz with unit vector k. At
the instant of observation, the position vectors of P and Q are noted as
9200i + 38605 + 2870k and  12800i + 2660j + 3350k  respectively.
Doppler radar records the velocity of P to be 68i + 21j — 7k and the velocity
of Q tobe 53i + 26j — 9Kk, referred to the same axes. Distances are measured
in metres and velocities in metres per second. Show that the aeroplanes are on

a collision course. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
4 1.2 4 1.2.4/7 1.2.1 1999 SY5 Q3

vp = 68i + 21j - 7k vo = 53i + 26j - %

re = (68t + 9200)i + (21¢ + 3860)j + (-7t + 2870)k 1

ro = (53¢t + 12800)1 + (26r + 2660)j + (-9t + 3350)k 1

pFg = I'p — I'g

= (15¢ — 3600)i + (=5r + 1200)j + (2t — 480)k 1
= 0i + 0§ + Ok when ¢t = 240 seconds. 1
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The coefficient of friction between a body of mass 4 kg and a plane surface is
0-2. The plane surface is inclined at an angle to the horizontal so that the body
is on the point of slipping down the plane. With the plane still inclined at this
angle, a force is now applied to the body, acting up the line of greatest slope
of the plane, Given that the body is then on the point of moving up the plane,

calculate the magnitude of this applied force. 6
level Content Reference:
part marks Unit C AB Main Additional Source
6 1.4 6 1.4.3/4 14.11 1999 SY5 Q4
-‘.
mg
F = mgsina
#N = mgsina 1
But 4 = tana
SO tanaN = mg sina
thus N = mgcosa 1
a = tan”" )
= tan"'0-2 = 11.3° 1
P=F+ mgsina 1
P =uN + mgsina
P = umg cosa + mg sina 1

)
]
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A snooker cue ball is moving with velocity (5i + j) ms™!, referred to suitable
rectangular axes. It collides with a stationary red ball of equal mass which

moves off with velocity (3i + 2-5j) m s™! referred to the same axes.

(a) Given that no spin is imparted to either ball, use the conservation of linear

momentum to calculate the resulting velocity of the cue ball. 3
(b) Calculate the angle between the velocities of the red ball and the cue ball
after impact. 2
level Content Reference:
part marks Unit Cc A/B Main Additional Source
(a) 3 23 3 233 234 1999 SY5 Q5
(b) 2 23 2 234 1.2.5
(a) m(5i + j) + m(@Qi + 0f) = m(vyi + v, J) + m(3i + 2-5j) 1
(5i + J) = (vyi + v, J) + (3i + 2-5j))
vy = 3-3 =2 1
v, =1-25=-15 1
v=_-15ms"
(b) cosh = v
|V1 ||V2|
_ (2 = 1-5)(3i - 2-5)) L
V6.25v15.25
= {-2304663
Thus 4 = 76.7°. 1
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An amusement park ride consists of an upright drum of diameter 5 metres,
inside which people stand with their backs against the wall, as in the diagram
below. The drum is spun at increasing speed about its central vertical axis
until it reaches a certain steady speed. The floor is then pulled downwards
and the occupants do not fall but remain *“pinned” against the wall of the

drum.

Given that the coefficient of friction between an occupant's clothing and the
drum wall is 0-35, what is the minimum angular speed of the drum at which

the floor can be pulled downwards safely? 4
level Content Reference:
part marks Unit C A/B Main Additional Source
4 2.1 4 2.1.3/4 1.4.6 1999 S§Y5 Q6
F = mg = uN 1
N = mre 1
Hence ,umra)z = mg
w =& 1
ur
_ |98
2:5 x 0-35
= 335rads” 1
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A “bouncy ball” is dropped vertically onto a hard plane surface as in the
diagram below. The ball strikes the plane surface at the point A and is then
projected, at angle a to the horizontal, towards a bowl which is placed on a
pile of books.

y

The rim of the bowl is 0-40 metres vertically higher than A and the nearest
part of the rim, B, is 1-60 metres horizontally from A. The ball leaves the
plane surface with an initial speed of u metres per second. The ball is
modelled throughout as a particle.

(a) Taking A as the origin, referred to rectangular axes Ax and Ay, show that
an equation describing the trajectory of the particle after striking the plane
is given by

= ytana — _53_2_
Y= 2u? cos?a’
where g is the magnitude of the acceleration due to gravity. 4
(b) Given that 1 = 5-6 m s™', show that there are two values of a for which the
particle just reaches B.
[You may assume that > = 1+ tanza.] 4
cos’a
(c) For the same value of u and given that the particle reaches B, calculate:
(i) the maximum height the particle can reach above the level of A, 5
(ii) the minimum time of flight from A to B. 2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 1.3 4 1.3.6 1.3.1 1999 §Y5 Q7
(b) 4 4 1.3.6/9
()@ 5 5 1.34
(c)(ii) 2 1 1 134
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=0 y=-8

(a) X = ucosa y = —gt + usina
X = ut cosa y = utsina - %gtz 2
X
t = 1
ucosa
. L2
y = usina -85
I cosa u® costa
gxt
= ytana — 1
Y 212 costa

b) y=04 x =16 andu = 56,s0
9.8 x 1-6°
04 = 16t - 1
ana 2 x 56% costa

0-4 = 1-6 tana — 0-4(1 + tan’a)

tana — 4tana + 2 = 0 1
tana = 2 + V2
a = 73.77° or 30-4° 2
(c) () y = usina - gt
For maximum height y = 0. 1

= 0 = yusina — gt

usina

t = 1
g
Applyingy = u sinat — }gt* vertically gives
H = u’ sin®a g u* sin*a _ 12 sin‘a 1
g g 2¢g
5.6° sin®73-7°
H=22"""" 14
> % 08 7 m 1
5-6% sin?30-4° ]
H="""""" 1 041
[or T X 08 041 m
Greatest height is 1-47 metres. 1
. X 1-6
I = =
e ucosa 5-6 cos 30-4° 1
Sot = 0-33 seconds. 1
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A train of mass 200 tonnes is travelling along a straight horizontal track. The
magnitude of the resistance to the motion of the train is 2000 + 200v
newtons, where v is the speed of the train in metres per second.

(a) Given that the power at which the train's engine is working is 400 kW,

find the maximum speed of the train. 4
(b) Find the time taken for the train to accelerate from 10 ms™ to 20 m s™!. 6
[You may assume that 4 = E 4 3 ]
(50 + v)(40 - v) 9Vd0 - v 50 + v
(c) In what time will the train come to rest if the power is shut off when the
train is travelling at 20 m s™'? 5
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 2.4 2 2 245 14.1 1999 SY5 Q8
(b) 6 2.5 | 5 2.5.2/3 2.5.5
(c) 5 2.5 1 4 2.5.2/3

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

58




400 000

(a) F =

<{™

v

Fres = 400000 _ 2000 - 200v
%

Maximum speed when Fregs = 0.
400000

v

- 2000 - 200v

I
)

2000 — 10v —v* = 0
(40 — v)(50 + v)

v = 40ms"!

(b)
dv 400000

200000— = - 2000 — 200v
dt v

100053’— _ 2000 ~ 10v - v
dt v
J 1000v

(50 + v)(40 — v)

1000 ( 4 5 )
9 j40—v 50+ 9%

@(-4 In|40 — v| — 51n}50 + 4|

dv=J'dr

[t

t+c

I

1000

whent = 0,v = 10 = ¢ = (-4 1n30 - 51n60)
1000( | 30
t = 41
9 n40—v

-9
60 )
1000

50 +v
whenv = 20 £ = ——~—-(4ln- + SInE)
9 2 7

+5In

3

= 94.6 seconds

(© 200 OOO% = —2000 - 200v

dav
1000—
dt

1000
J=1od = e

1000 Inly + 10| = ¢ + ¢

whent = 0,v = 20 = ¢ = -1000 1n 30

30
v + 10

-10 — v

I

f = 1000 In

1000 In3

1099 seconds = 18 minutes 19 seconds

wheny = 0, t

i
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Consider a car crossing a hump-backed bridge.

F N\

Let the car be modelled by a particle, of mass m, which has speed u at the
highest point on the bridge. Assume that the effects of friction and air
resistance are negligible. Let the downhill side of the bridge be modelled by

the arc of a sector of a circle of radius r, subtending an angle of 3 radians at

the centre, as in the diagram below.

o—> U

n
6

O

(a) Show that the greatest speed the car can have at the top of the bridge,
without leaving the road surface on the downhill side of the bridge, is

given by
u = \ng_r(3\/§ - 4)!

where g is the magnitude of the acceleration due to gravity.

(b) (i) Given thatu = \/3‘% and that the car leaves the surface of the bridge

at the point C on arc AB, calculate the angle AOC.
(ii) Given that r is 25 metres, calculate the speed of the car at C.

(c) Given that r is again 25 metres and that the bridge is symmetrical about
the vertical through its highest point, calculate the maximum speed that
the car could have at the start of the uphill side of the bridge without
leaving the surface of the bridge on the downhill side.

level Content Reference:

part

marks

Unit

C

Main

Additional

Source

(@

2.4

2.4.11

2.46/2.1.3

1999 SYS5 Q9

(b)(1)

2.1

2.13

(b)(ii)

24

24.11

()

W] W] W

24

u.)v—-n-—c'\%

24.11

2.4.7/8
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() m’

mgcosf — N = —
r
tmv? + mgh = mu®
imv* + mgr(cos@ — 1) = smi?
Eliminating the velocity gives
mi

N = mg@3cosd ~ 2) - -
To maintain contact with the surface N > 0O when & = %
mg(3 cosE —2) — = 3 0
W < gr(3cos? - 2).

) 2
Maximum value when ug,, = gr (3 cos¥ — 2)

1.8l = g-(3\/§ - 4)

2
i
® @ 0 = mg(3 cosﬁ—z)_____
r
0= 3mg cosf — 2mg - %mg
11
9 = - 9 = HO
cos 5 = 23.6
(i) Imv? + mgr(cos@® — 1) = tmd

Vo=l - 2gr({cosf — 1)

3gr (11 )
= 2 o= -1
AR

Jer | 2er _ e
4 12 12
= v = 150ms’!

(© —> (8
Sv3-4)

25

A

Lo + mg25 cos? = dm%E(3V3 ~ 4) + mg25
u? = 50g(1 — cosZ) + BE(3V3 - 4)

65-648 + 146-529

V2122 = 146 ms™

it

=
]
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A body of constant mass is projected into the gravitational field surrounding
the Earth which has radius R metres. Assume that the only force acting on the
body is that due to the inverse square law of gravitation.

(a) Consider the case where the body is projected vertically upwards from the
surface of the Earth.

(i) Show that an equation of motion for the body is
dv  —gR
Y dx »’
where v metres per second is the speed of the body, x metres is the
vertical height of the body above the centre of the Earth and g metres
per second per second is the magnitude of the acceleration due to
gravity near the surface of the Earth. 3
(ii) Given that the maximum vertical height of the body above the surface
of the Earth is & metres, show that the body's initial speed, in metres
per second, is given by

el - )

and calculate the magnitude of the escape velocity for the body, given
that R = 6-4 x 10° metres. 7

(b) Now consider the case where the body is in a stable circular orbit around
the Earth at a height of 3R metres vertically above the surface of the
Earth. Calculate the speed of the body and the period of orbit of the body

at this height. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
()@@ 3 2.1 3 2.15 2.5.1 1999 SY5 Q10
(a)(ii) 7 2.5 7 253 2.5.5
(b) 5 2.1 2 3 2.1.6/5 2.13/7
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(a) (i) From the law of gravitation F = ——-.

When on the surface of the Earth

@) J.vdv = J.—ﬁ X

R
W o= S— 4 L? - gR
x

whenv = 0, x=R+h

R
0=Rg+h+%u2—gR
b

R(1 -
& ( R+ h)

\/gR(l - Rf- h)

When s = candR = 64 x 10° metres

u

lescape velocity] = V2 x 98 x 64 x 10° = 11200 ms™ .

() m? _ meR
r r?
R s

Vo [ R
“VYar V4

= \/9.8 x 64 x 10 = 3960 ms™
4
- 2R _ 2n4R
v 3960
_ 21 x 4 % 64 x 10°
; 3960

= 40619 seconds
= 11 hrs17 min (or 11-3 hrs)
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A curling stone is set in motion across horizontal ice with an initial speed of
5 ms™'. Given that the coefficient of friction between the curling stone and

the ice is 0-06, calculate how far the stone travels before coming to rest. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
4 14,1.1 4 1.4.6 145 2000 SY5 Q1
1.4.8 149
1.1.5
Dynamic friction so F = uN
F = umg 1
a = E _ _#me
m m
= —ug 1
= —0.06 x 9-8[= ~0.588 ms7?]
Vo= u* + 2as
0 = 5 + 2 x (-0:588)s 1
25
s = m =213 m 1
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A piston moves with simple harmonic motion.

It performs 50 complete

oscillations per second and has a maximum speed of 40 m s~!. Calculate the

amplitude of the motion. 3
Find the speed of the piston when the displacement from the centre of
oscillation is 0-08 m. 2
level Content Reference:
part marks Unit C A/B Main Additional Source
3 2.2 3 224 2.2.1 2000 SYS Q2
2 2.2 2 224
3000
—— = 50 Hz
f 60
w = 2xaf = 100x 1
aw = 40 1
40
— = (-12
a o0 0127 m 1
Vo= o (d® - X)
40° - (100m)° x 0-08 1
1600 — 647" = 968
v = 31.1ms™ 1
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A satellite orbiting the Earth is required to have a period of two hours.
Assume that the orbit is circular and that the only force acting on the satellite
is that due to Newton's inverse square law of gravitation. Given that the
radius of the Earth is 6380 kilometres, calculate the required altitude of the

satellite above the surface of the Earth. 5

level Content Reference;

part marks Unit C A/B Main Additional Source
5 2.1 5 2.1.6/5 2.1.3/7 2000 SY5 Q3
M
GMm = mro’ 1
_GM _ ¢R 1
a w?
_ JeRT?
4n?
_ \3/9-8 X 63800002 x (2 x 60 x 60)? {
472

= 8060000 m = 8060 km 1
=r - R = 8060 - 6380 = 1680 km 1
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A cyclist travels around a circular section of track which has a radius of
curvature of 60 m and is banked at 15° to the horizontal. Given that the
cyclist keeps the cycle at right angles to the track's surface, calculate the

cyclist's speed at which there is no tendency to slip sideways. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
4 2.1 4 2,14 2.1.3 2000 SY5 Q4
143
N 15°:
]
]
]
mg
Resolving vertically N cos15° = mg 1
2
Resolving horizontally N sin15° = mw 1
r
Nsin15°  m*
N cos15° mgr
2
tan15° = =
gr
Vo= gr tan 15° 1
= 60 x 98 x tan15°
= 1576
v = 126 ms™ 1
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The point of application of the force F = 4i + 11j moves in a straight line
from the point 8i + 5j to the point 32i + 14j, where i and j are mutually
perpendicular unit vectors. Given that the force is measured in newtons and

the displacement in metres, calculate the work done. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
3 2,4 3 2.4.3 2000 SY5 Q5
_ (32} (8} _ (24 _ age .
s—(14) (5)—(9):>s—241+9_| 1
W = F.s
= (4i + 11j).(24i + 9j) 1
=06 + 99 = 195)J 1
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A particle P is projected so that its position vector is given by
6ti — 3t + (55¢ - Stzi k, where i, j and k are the unit vectors in the
directions of the orthogonal axes Ox, Oy and Oz respectively, and ¢ is the
time in seconds from the start of the motion. Another particle Q is projected
from the point 100i — 20j + 47k with initial velocity -5i + 50k, with
respect to the same axes, Distances are measured in metres and velocities in
metres per second.

Given that particle Q is subject to the same acceleration as particle P,
calculate:

Alternatives, e.g. using 4 |rp — rgf?, are perfectly acceptable.

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

(a) the velocity of P relative to Q; 4
(b) the position vector of P relative to Q; 2
(¢) the time taken from the start of the motion until the particles are closest
together. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 1.2 4 1.2.4/2 1.2.5/1 2000 SY5 Q6
(b 2 1.2 2 1.2.4/2 1.2.5/1
(c) 3 1.2 3 1.2.7 1.2.5
(@ rp = 6 — 3rj + (55t — 5k
vp = 6i — 3j + (55 - 101}k 1
ap = —10k 1
ag = -10k
vo = ci +dj+ (-10t + e}k
whent = 0,vp = =5i + 50k =c = -5,d = Oande = 50
vo = =5 + (50 - 106)k 1
PV = Ve — Vg = (6i — 3j + (55 - 10£)k) — (=5i + (50 - 10£)k)
= 11i — 3j + 5k 1
() rp = (=5t + i+ g + (=52 + 50t + bk
whent = 0,rp=100i~20j+47%k =f = 100,g = -20and h = 47
ro = (100 - 50)i — 20§ + (47 + 50t - 5k 1
prg = rp—rg = (6ti — 3tj + (55 - 52)k) — ((100 - 50 — 20j + (47 + 50z - 5£)k)
= (11t = 100)i + (=3¢ + 20)j + (5¢ - 47)k 1
(C) PVopto = 0 1
(11i = 3j + 5k).((11r = 100)i + (=3¢ + 20)j + (5t —47)k) = 0 1
121¢ - 1100+ 9 - 60 + 25¢ - 235 =0
155t = 1395
t=9s 1
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A ball is to be thrown from a height of 2 m vertically above the floor into the
centre of a net which is 3 m vertically above the floor and 4 m horizontally
from where the ball is thrown, as indicated in the diagram below.

[
-

! 4m

L J

Assume that the ball can be modelled by a particle moving under constant
gravity and that frictional forces are negligible.

(a) The ball is projected, at angle a to thtf horizontal, with initial speed v
metres per second. Given thattana > -, show that

S
(4 tana — 1) cos?a’
where g m s72 is the magnitude of the acceleration due to gravity.
(b) Given that a = 45°, calculate:
(i) the maximum vertical height reached above the floor;

(i) the value of @, the angle to the vertical at which the ball drops into the
centre of the net.

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 6 13 6 1.3.3/6 13.1 2000 SY5 Q7
(b)) 4 1.3 4 1.34
(i) 5 13 5 1.3.9 1.34
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(a) y = —gt +vsina

X = vt cosa y = —gf? + vtsina + 2
t = a ——l—-i-vsina + 2
v cosa Y 2g v costa v cosa
g
= xtangg — —/———— + 2
J 2v? cost a
g x4
3 =4tang - ~—=—m— + 2
22 cos? a
8g
= 4 tana - 1
v2 cos?a
8g
Vy =
cos?a(4 tana — 1)
(b) @ 163 "
= 72ms
5(4 - 1) 3
For maximum height
—gt + vsina = 0
vsina
t =
8
y = vtsinag — tgr* + 2
H o= vv sin & sin g - lgvz sin’ a +2
g 2" &
.2
_ vsin“a 5
2g
E& % 1 4
3 2
= +2==-+2=3m
2g 3 5
(ii) p o X
y cosa
4 4
Time of flight, T = = = 6 = 08s
v cosd 16 L g
3

Components of velocity at net

vcosa = 16g 1 = \/@ = 5.112
. 8g
y=vsina — gt = ——-—g = ?m\/6_g

5-112 - 7.668 = -2.556

x

L]

x
¥ 5112

5 tanf = = = 2=

. y 2556

0 = 634°

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics



A particle P is attached to one end of a light inextensible string. The other
end of the string is fixed at position O. The particle moves in a vertical circle
of radius r about O. The angle @ is defined to be the angle between OP and
the downward vertical, as in the diagram below.

(a) The particle is projected horizontally from the lowest point of the vertical
circle with speed 2\/g—r, where g is the magnitude of the acceleration due
to gravity.

At the instant the string becomes slack, calculate:
(1) the value of 8,
(i) the speed of P, given that » = 0-4 metres.

(b) With the same value of r, calculate the increase in the horizontal speed at
the lowest point which would.be required for the particle to execute a
complete circle.

(c) What is the maximum initial horizontal speed which could be given to the
particle at the lowest point of the same circle for the particle never to rise
above the horizontal through O?

level Content Reference:
part marks Unit C A/B Main Additional Source
(a)@) 6 24 6 24.11 2.4.6/10,2.13 2000 SY5 Q8
(a)(ii) 2 24 2
(b) 5 24 1 4 2411 2.4.6/10,2.1.3
(c) 2 24 2
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(@ @) mv?

T — mgcosf = —
-
i 1
Ez—mv2 + mgh = Emu2
v + mgr(1 - cos8) = dmu?
WV o+ 2gr(l — cos®) = 4gr

ve = 2gr(1 + cos®)

— = 2mg(l + cos®)

mv?
mgcos@ + —
’

~
I

mg cosB + 2mg(l + cos®)

mg(2 + 3 cos )

whenT = 0
2 + 3 cosé@ 0

2

3
6 = 132°

(ii) v 2gr (1 + cos )

cos @

2
= 20r(l - =
gr{ 3)

28r
3

y = 1-62ms}

(b) v+ 2gr(l - cos®) = i’

Vo=t - 2gr (1 — cos®)
2

T = mgcosf + i
,

T = mgcosf + '—?E(uz - 2gr(1 - cosf)))
r

2
mu
= mgcosf + T - 2mg(1l - cosB)

=2y mg cosf — 2mg + 2mg cos @
r
mu?
= — + mg(3 cosfl - 2)
-

T 2 0for0° € 8 < 180°
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mi’

- + mg(3cosf —2) 20

o gr(2 — 3 cosf)
W gr(2 -3 x (-1)) = 5¢r

Increase in speed = /S5gr — +/dgr
V196 — 1/15.68
443 - 396 = 047 ms""

it

(¢) WewantT = Owhenf = %

T = -r—+mg(3cosﬁ—2)
mi

0= — +mg(0-2)
r
2

0 = -Li-+23

u2=2gr

u =g =78 = 28ms™"
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A feather of mass 0-008 kg and a hammer of mass 1 kg are dropped from rest
at a height of 10 m above a horizontal surface. Both the feather and the
hammer can be modelled as particles falling vertically under constant gravity.
The air resistance acting against the feather has magnitude gv? /500 newtons
and the air resistance acting against the hammer has magnitude
gv*/4000newtons, where v ms™' amd V ms™! are the speeds of the feather
and hammer respectively after time ¢ seconds, and g m s™ is the magnitude
of the acceleration due to gravity,

(a) Calculate the terminal speed of the feather and find the time taken, from

the start of the motion, for the feather to reach 99% of its terminal speed. 8
Y that = .
[You may assume a4_v2 2+v+2—v]
(b) Calculate the speed of the hammer when it hits the horizontal surface. 7
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 8 2.5 3 3 2.5.2/3 2.5.5 2000 SY5 Q9
(b) 7 2.5 1 6 2.5.2/3
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@ _ g’

500
2
gv
0-008a = 0-008¢g — =—
¢ £~ S0
2
-1
a=g 1
dv _ (1 _ .Vi)
dt2 § 4
Terminal speed whenag = 0 = vz =1
v = 2ms
dv _ (1_2)
a ¢ 4
4 dv
4 — 2 - fgdt

1 1 J‘
J.(2+v+2—v)dv_ gat

ln|2+v|—ln|2—v[ = gt + ¢
whent = 3,v =0 =2 ¢ =0
;= l In 2+
B g 12-v
whenv = 099 x 2 = 1.98
1 3-98
= ~In|—| = 0-54
2 1002 S
(b) Y A4
ma =T 4000
- %
= ol] =
=8 T 2000
A
dx 2\ 7 4000
J sz dv J‘gdx
1 ~
V2
-2000 Inj1 - 20001 = gx + ¢
whenx =0,y =0 =>¢ =0
-2000 %
x=—T|l -
g 4000
whenx = 10
-2000 Vv?
10 = Inil -
¢ | 2000
V2
—-g/200
=1 -
¢ 4000
v: = 4000(1 - 7**%)
V = {4000 (1 — ¢®820%)
= 138 ms’
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The coefficient of friction between a body, of mass m, and a particular plane
surface is u.
(a) When the plane surface is inclined at the angle of friction A to the

horizontal the body is just on the point of slipping down the plane. Show
that

M = tand.

(b) When the plane surface is horizontal, a light inextensible tow rope is
attached to one end of the body. A pulling force of magnitude P is

applied to the tow rope which is inclined at angle a to the horizontal, as
in the diagram below.

@)

Given that the body is just on the point of slipping across the plane,
show that

cosa + usina’

where g is the magnitude of the acceleration due to gravity. 3
(i) Show that the minimum value of P that can pull the body across the
plane occurs when the angle ais equal to the angle of friction A4 and
calculate this minimum value of P wheng = 0-4andm = 50 kg. 8
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 1.4 4 1.4.6 1.43 2000 SYS Q10
(b)) 3 1.4 3 1.4.6 143
(b)(i1) 8 1.4 1 7 1.4.11 1.4.5
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(a)

Resolving perpendicular to plane

N = mg cosi
Resolving parallel to plane
F = mgsind
‘I;n 2 * uN = mgsini
uN _ mgsini
N mgcosi
pu = tand
® @ N
P
____a/
F
-]

N + Psina = mg F = Pcosa
N = mg - Psina uN = P cosa
umg — uPsina = P cosa

p = Hmg
cosa + u sina
(i) P(a) = Hmg

cosa + usina
umg(sina — u cosa)
(cosa + u sin a)?

P(a) =

P(a) =0 = sina — ucosa = 0
u = tana

but 4 = tand = tana = tand = a = 4
Verification of nature of stationary value

b kmg
" cosAd + psind

pmg
- mmE

TRt T

K

ey

04 x 50 x 9-8
V1 + 042

182 N

n

Mathematics: Additional Questions Bank (Advanced Higher)-Mechanics

78



